
Twenty-first Annual UNC Math Contest First Round October, 2012

Rules: 90 minutes; no electronic devices.

The positive integers are 1, 2, 3, 4, . . ..
The first twelve prime numbers are 2, 3, 5, 7, 11, 13, 17, 19, 23, 29, 31, 37.
A polygon is called regular if its sides have equal lengths and its angles are all equal.

1. Write the numbers 1 through 11, in order, clockwise around a circle. Starting with the
number 2 and moving clockwise, erase every other number; that is, erase 2, then 4, then 6,
and so on. Continue moving around the circle repeatedly, erasing every other remaining
number, until no numbers remain. Which is the last number erased?

2. Two chests contain gold coins. After one fourth of the gold coins in the first chest are
moved to the second chest, each chest contains 2550 coins. How many coins were in the
second chest at the start?

3. If the first day of April is a Wednesday, what day of the week is the Fourth of July that
year? (April has 30 days, May has 31, and June has 30.)

P A X

O

T U

4. Square TPXU has side length 8. The point A splits
segment PX in half. The lengths of segments OT, OU,
and OA are equal. What is the area of triangle OUT?

5. Dav scrambles letters lined up on a tray. He scrambles the original message MATH
CLUB ENJOYS PI into CHAPS TUMBLE IN JOY, using this rule: letter 1 goes to position 8,
letter 2 goes to position 3, . . . and letter 16 goes to position 12.

M A T H C L U B E N J O Y S P I
1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16
C H A P S T U M B L E I N J O Y

Dav uses the same rule each time he rearranges his letter tray.

(a) In the tenth rearrangement of the original message (that is, after 10 repetitions of Dav’s
rule), what is the position of the letter A on the tray?

(b) Dav discovers that when he follows his rule repeatedly, the original message MATH
CLUB ENJOYS PI is eventually converted back to itself. After how many repetitions does
this occur for the first time?

TURN PAGE OVER



Scale in cm: 2:1 (x), 2:1 (y)

X

6. The six regular pentagons in the figure are congru-
ent. At each point where three pentagons meet, they
leave an angular gap X. Find the measure of angle X
in degrees.

7. As you skate forward on ice, a crack forms that extends in a straight line in the direction
that you skate. Each time a new crack is made, you turn counter-clockwise to skate in a
new direction, and you create a crack in that new direction. The first time, you turn 5!,
so that the second crack makes a 5! angle with the first crack. The second time you turn
10!, so the third crack makes a 10! angle with the second crack. The next time you turn
15!, so the fourth crack makes a 15! angle with the third crack, and so on. Each time you
turn five more degrees than you turned the previous time, always rotating in the same
counter-clockwise direction. After how many turns will the next new crack be parallel to
the first crack? (You are asked to count turns, not cracks.)

8. The first time after noon that the hour and minute hands on a twelve hour clock are
separated by exactly 99!, how many minutes is it past the hour?

4

4

6

6

8

8

9. Six friends sit at a round table. The first person
has 4 candies. The person to their left has 6. Contin-
uing around clockwise, they have 8, 4, 6, and 8 can-
dies, as shown in the diagram. They play the follow-
ing game: all at once, everyone passes exactly half
of their candy to the person on their left. Then each
player who has an odd number of candies eats one of
their candies. Then they repeat. How many candies
does the first person have after 2012 repeats?

10. (a) How many positive integers less than 201 are exactly divisible (meaning without
remainder) by at least one squared prime number? For example, 72 is exactly divisible by
2 " 2 and exactly divisible by 3 " 3. Therefore 72 is one such positive integer. (b) How
many positive integers less than 1001 are exactly divisible by at least one squared prime
number?

11. Write the numbers 1 through 200, in order, clockwise around a circle. Starting with the
number 2 and moving clockwise, erase every other number; that is, erase 2, then 4, then 6,
and so on. Continue moving around the circle repeatedly, erasing every other remaining
number, until no numbers remain. Which is the last number erased?

END OF CONTEST



University Of Northern Colorado Mathematics Contest

Problems are duplicated and solved by Ming Song (msongmath@yahoo.com) 4

University Of Northern Colorado Mathematics Contest 2012-2013

Problems of First Round with Solutions

1. Write the numbers 1 through 11, in order, clockwise around a circle. Starting with the
number 2 and moving clockwise, erase every other number; that is, erase 2, then 4, then 6,

and so on. Continue moving around the circle repeatedly, erasing every other remaining

number, until no numbers remain. Which is the last number erased?

Answer: 7

Solution:

Let us just do it:

First round:

Second round:

Go ahead:

The green dot indicates the starting position after we goes around the circle once. So the last

number to be erased is 7.

The more elegant solution can be found after you have experiencedProblem 11.

7

11

3

7

11

3

57

1

9

11

3

4

5
6

7

1

2

8

9

10

11
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2. Two chests contain gold coins. After one fourth of the gold coins in the first chest are

moved to the second chest, each chest contains 2550 coins. How many coins were in the
second chest at the start?

Answer: 1700

Solution:

Let x be the number of coins in the first chest at the start. We have

2550
4

1
!" xx .

Solving for x we obtain 3400!x . Then the number of coins in the second chest at the start is

17008502550
4

1
2550 !"!" x .

3. If the first day of April is a Wednesday, what day of the week is the Fourth of July that

year? (April has 30 days, May has 31, and June has 30.)

Answer: Saturday

Solution:

The number of days from April 1 to July 4 is

7mod3943303130 !!### .

We count 3 days from Wednesday. Then July 4 is Saturday.

4. Square TPXU has side length 8. The point A splits segment PX in half. The lengths of

segments OT, OU, and OA are equal. What is the area of triangleOUT?

Answer: 12

Solution:

Let AO intersect TU at V. Obviously TUAV $ .

Let the radius of the circle be x.

Then xOTOA !! , xOV "! 8 , and 4
2

8
!!TV .

By Pythagorean Theorem we have in right triangleOVT

A
P X

UT

O
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! "222 84 xx #$% .

Solving for x we obtain 5%x .

Then 358 %#%OV .

Therefore, the area of triangle OUT is 1238
2

1
%&& .

5. Dav scrambles letters lined up on a tray. He scrambles the original message MATH CLUB

ENJOYS PI into CHAPS TUMBLE IN JOY, using this rule: letter 1 goes to position 8, letter

2 goes to position 3, ! , and letter 16 goes to position 12.

M A T H C L U B E N J O Y S P I

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16

C H A P S T U M B L E I N J O Y

Dav uses the same rule each time he rearranges his letter tray.

(a) In the tenth rearrangement of the original message (that is, after 10 repetitions of

Dav’s rule), what is the position of the letter A on the tray?

(b) Dav discovers that when he follows his rule repeatedly, the original message MATH

CLUB ENJOYS PI is eventually converted back to itself. After how many repetitions
does this occur for the first time?

Answer: (a) 3; (b) 18

Solution:

We use Lx to represent “Letter x” and Py to represent “Position y”. PyLx'  represents that

Letter x goes Position y.

We see

81 PL ' 32 PL ' 63 PL ' 24 PL '

15 PL ' 106 PL ' 77 PL ' 98 PL '

119 PL ' 1310 PL ' 1411 PL ' 1512 PL '

1613 PL ' 514 PL ' 415 PL ' 1216 PL '

(a)

We trace the position of A in each rearrangement:

A
P X

UT

O

V
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Steps A’s position

Beginning 2

1st 3

2
nd

6

3rd 10

4th 13

5th 16

6
th

12

7th 15

8th 4

9
th

2

10
th

3

The answer is “Position 3”.

(b)

L1, L5, L8, L9, L11, and L14 take 6 rearrangements to come back to their original positions.

L7 stays at Position 7 forever.

All other letters take 9 rearrangements to come back to their original positions.

Therefore, the answer is the least common multiple of 6 and 9, which is 18.

6. The six regular pentagons in the figure are congruent. At each point where three pentagons

meet, they leave an angular gap X. Find the measure of angle X in degrees.

Answer: !36

Solution:

A regular pentagon has an interior angle measuring !"
!

108
5

540
.

So angle X measures

!"!#$! 361083360 .

X
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7. As you skate forward on ice, a crack forms that extends in a straight line in the direction

that you skate. Each time a new crack is made, you turn counter-clockwise to skate in a
new direction, and you create a crack in that new direction. The first time, you turn 5°, so

that the second crack makes a 5° angle with the first crack. The second time you turn 10°,

so the third crack makes a 10° angle with the second crack. The next time you turn 15°, so

the fourth crack makes a 15° angle with the third crack, and so on. Each time you turn five

more degrees than you turned the previous time, always rotating in the same counter-

clockwise direction. After how many turns will the next new crack be parallel to the first

crack? (You are asked to count turns, not cracks.)

Answer: 8

Solution:

For the new crack to be parallel to the first crack, you must turn a multiple of 180°.

Let n be the number of turns. We search the smallest value forn such that

mn 1805105 !""" ! ,

where m is a positive integer.

That is, mn 3621 !""" ! .

Or, # $ mnn 721 !" .

We need the smallest value for n. So let 1!m  first.

We have 8!n  fortunately. This is the smallest positive value of n for mn 1805105 !""" !  to

be true.

The answer is 8.

8. The first time after noon that the hour and minute hands on a twelve hour clock are

separated by exactly 99°, how many minutes is it past the hour?

Answer: 18

Solution:

Assume that at x minutes past noon the two hands intersect at an angle of 99° as shown, whereO

is the center of the clock, OA is the 12 o’clock position, OB is the hour hand position, and OC is

the minute hand position.

XII
I

II

III

IV

VVI
VII

VIII

IX

X

XI

B
A

O

C

99º
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Note that the hour hand moves !360  in 12 hours, and the minute hand moves !360  in an hour.

So the hour hand moves !30  in an hour, and the minute hand moves !6  in a minute.

Look at the hour hand in the figure above.

x minutes account to
60

x
 hours. So

2
30

60

xx
AOB "#"$  in degrees.

Look at the minute hand. xAOC #"$ 6  in degrees.

From !%$"$ 99AOBAOC  we have

99
2

6 %"
x

x .

Solving for x we obtain 18"x .

At 18 minutes past 12 o’clock the two hands first time intersect at an angle of 99°.

9. Six friends sit at a round table. The first person has 4 candies. The person to their left has 6.

Continuing around clockwise, they have 8, 4, 6, and 8 candies, as shown in the diagram.

They play the following game: all at once, everyone passes exactly half of their candy to

the person on their left. Then each player who has an odd number of candies eats one of

their candies. Then they repeat. How many candies does the first person have after 2012

repeats?

Answer: 4

Solution:

Let us play the game.

First round:

6

6

46

64

Eat6

6

57

75

Pass

4

4

68

86
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Second round:

Third round:

Then everyone will keep having 4 candies.

Therefore, the answer is 4.

10. (a) How many positive integers less than 201 are exactly divisible (meaning without

remainder) by at least one squared prime number? For example, 72 is exactly

divisible by 22!  and exactly divisible by 33! . Therefore 72 is one such positive

integer.

(b) How many positive integers less than 1001 are exactly divisible by at least one

squared prime number?

Answer: (a) 78; (b) 392

Solution:

We count multiples of 422
" , 932

" , 2552
" , 4972

" , 121112
" , etc.

(a)

Note that 201169132
#" and 201289172

$" .

We will count the multiples of 422
" , 932

" , 2552
" , 4972

" , 121112
" , or 169132

" .

There is only one multiple of 169, which is 169.

There is only one multiple of 121, which is 121.

There are four multiples of 49, which are 49, 98, 147, and 196.

Note that 196 is also a multiple of 4. We exclude 196 at this moment. We count 3 multiples of 49.

4

4

44

44

Eat5

5

54

45

Pass

6

6

44

44

Eat6

6

55

55

Pass
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There are eight multiples of 25. Among them there are two multiples of 4, which are 425!  and

825! . In multiples of 25, we count 628 "# .

Now we use the inclusive and exclusive principle to count the multiples of 4 or 9.

The number is

6752250
94

201

9

201

4

201
"#$"%

&

%
'
(

'

!
#%

&

%
'
(

'
$%
&

%
'
(

'
,

where ( &x  represents the greatest integer less than or equal to x.

The answer is 78631167 "$$$$ .

(b)

Note that 1001312 )  and 1001372 * .

We need to count the multiples of 422 " , 932 " , 2552 " , 4972 " , 121112 " , 169132 " ,

289172 " , 361192 " , 529232 " , 841292 " , or 961312 " .

There is only one multiple of 961, which is 961.

There is only one multiple of 841, which is 841.

There is only one multiple of 529, which is 529.

Note that 2
361

1001
"%

&

%
'
(

'
. There are 2 multiples of 361.

3
289

1001
"%

&

%
'
(

'
. There are 3 multiples of 289.

5
169

1001
"%

&

%
'
(

'
. There are 5 multiples of 169, one of which is 4169!  that will be counted in

multiples of 4. So in multiples of 169, we count 415 "# .

8
121

1001
"%

&

%
'
(

'
. There are 8 multiples of 121, two of which are 4121!  and 8121!  that will be

counted in multiples of 4. So in multiples of 121, we count 628 "# .

20
49

1001
"%

&

%
'
(

'
. There are 20 multiples of 49, five of which are multiples of 4 and two of which are

multiples of 9. So in multiples of 49, we count 132520 "## .

Now we use the inclusive and exclusive principle to count the multiples of 4, 9, or 25.

The number is

36114102740111250

2594

1001

259

1001

254

1001

94

1001

25

1001

9

1001

4

1001

"$###$$"

%
&

%
'
(

'

!!
$%

&

%
'
(

'

!
#%

&

%
'
(

'

!
#%

&

%
'
(

'

!
#%

&

%
'
(

'
$%

&

%
'
(

'
$%

&

%
'
(

'
.

The answer is 392136432111361 "$$$$$$$$ .
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11. Write the numbers 1 through 200, in order, clockwise around a circle. Starting with the

number 2 and moving clockwise, erase every other number; that is, erase 2, then 4, then 6,
and so on. Continue moving around the circle repeatedly, erasing every other remaining

number, until no numbers remain. Which is the last number erased?

Answer: 145

Solution:

Note that we will have about half of numbers left if we go around the circle once. Let us consider

the powers of 2.

If there are 2 numbers, the last number to be erased is 1:

If there are 4 numbers, the last number to be erased is 1:

If there are 8 numbers, the last number to be erased is 1:

By induction we can easily prove that if the number of numbers is a power of 2, the last number

to be erased is 1.

It is more important to notice that 1 is the first number at which we start.

When the number of numbers is a power of 2, we see the answer immediately, which is the first

number.

Now 200 is not a power of 2. Let us make it.

The power of 2 closest to 200 and less than 200 is 128.

3

1

3

1

24

5

1

5

1

37

5

1

37

2

2

8

6

2

1
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Note that 72128200 !" .

So if we will erase 72 numbers first, there will be 128 numbers remaining.

The first 72 numbers to be erased are 2, 4, 6, ! , 144 .

When 144 is erased we see

Around this circle we have 128 numbers with 145 being the first. The first number is the answer.

Therefore, the answer is 145.

3

139

146

1
5

141

143

145
144147

200
199

198

The first number now



Twenty-first Annual UNC Math Contest Final Round January 19, 2013

Three hours; no electronic devices. Justify your answers. Clear and concise presentations will earn more points.
We hope you enjoy thinking about these problems, but you are not expected to solve them all.
The positive integers are 1, 2, 3, 4, . . . .

1. In the diagram, the two circles are tangent to the two parallel lines. The
distance between the centers of the circles is 8, and both circles have
radius 3. What is the area of the shaded region between the circles?

2. EXAMPLE: The number 64 is equal to 82 and also equal to 43, so 64 is both a perfect square and a perfect cube.

(a) Find the smallest positive integer multiple of 12 that is a perfect square.

(b) Find the smallest positive integer multiple of 12 that is a perfect cube.

(c) Find the smallest positive integer multiple of 12 that is both a perfect square and a perfect cube.

A B

C

3. Point C is the center of a large circle that passes through both A and
B, and C lies on the small circle whose diameter is AB. The area of the
small circle is 9!. Find the area of the shaded lune, the region inside
the small circle and outside the large circle.

4. Find all real numbers x that satisfy
!

x2 ! 7
2 x + 3

2

"(x2+7x+10)
= 1.

5. If the sum of distinct positive integers is 17, find the largest possible value of their product. Give both a set of
positive integers and their product. Remember to consider only sums of distinct numbers, and not 3+7+7 or
2+3+4+4+4, etc., which have repeated terms. You need not justify your answer on this question.

EXAMPLE: Distinct Integers: {2, 3, 4, 8} Their Sum: 2 + 3 + 4 + 8 = 17 Their Product: 2" 3" 4" 8 = 192

6. There is at least one Friday the Thirteenth in every year.

(a) What is the latest possible month in which the first Friday the Thirteenth can occur?

(b) In a year in which the first Friday the Thirteenth occurs in its latest month, what day of the week is January 1?

The table below shows the number of days in each month. February has 29 days in leap years and 28 in others.

JAN FEB MAR APR MAY JUN JUL AUG SEP OCT NOV DEC
31 28 or 29 31 30 31 30 31 31 30 31 30 31

7. Suzie and her mom dry half the dishes together; then mom rests, while Suzie and her dad dry the other half.
Drying the dishes this way takes twice as long as when all three work together. If Suzie’s mom takes 2 seconds
per dish and her dad takes 5 seconds per dish, how long does Suzie take per dish?

TURN OVER



8. EXAMPLE: The non-terminating periodic decimal 0.124124 . . . = 0.124 has period three and is abbreviated by
placing a bar over the shortest repeating block.

(a) If all digits 0 through 9 are allowed, how many distinct periodic decimals 0.d1d2 . . . d6 have period exactly
six? Do not include patterns like 0.323 and 0.17 that have shorter periods.

(b) If only digits 0 and 1 are allowed, how many distinct periodic decimals 0.d1d2 . . . d12 have period exactly 12?

9. The standard abbreviation for the non-terminating repeating decimal .34121121121121121 . . . is .34121, a string
of five digits. How many distinct non-terminating repeating decimals .d1d2d3 . . . have standard abbreviations
that have at most six digits? (Consider two nonterminating decimals distinct if they differ in any digit. Nonter-
minating means that the digits are not eventually all zero.)

COMMENTS The standard abbreviation is also the shortest. For example, .34121121121121121 . . . = .34121 can
also be abbreviated as .341211, or as .3412112, or as .34121121 by sliding the bar rightward, making longer
strings. The nonterminating decimal .34121 has two parts: a repeating tail T = 121 and a non-repeating head
H = 34. If the string has no head, the decimal is periodic, which is acceptable. There must be a tail string
T, which by convention is NOT permitted to be T = 0, since that corresponds to a terminating decimal. The
examples .345, .9, and .7219 are all standard abbreviations for nonterminating repeating decimals.

10. Dav designs a robot, which he calls FrankenCoder, to print nonsense text by scrambling eleven-letter messages.
The robot always repeats the same scrambling rule.

FrankenCoder scrambles ENIGMACRUSH into
GENIUSCHARM. Using the same rule, Franken-
Coder then scrambles GENIUSCHARM into
IGENARCMSHU, and so on.

1 2 3 4 5 6 7 8 9 10 11
1st: E N I G M A C R U S H
2nd: G E N I U S C H A R M
3rd: I G E N A R C M S H U

3

1

2
9

4

8

5

10

6

11
!

!
"

"

#

#
$

$
%

&

!

7

FrankenCoder’s internal wiring for scrambling letters is dia-
grammed at left, depicted as a collection of cycles. The arrows
show how each of the eleven letters moves in a single scramble:
letter 7 stays in its place, the first four letters move in a cycle,
and the other six letters also trade positions in a cycle.

Dav sees that the messages printed by FrankenCoder repeat cyclically in paragraphs: eventually, the original
message ENIGMACRUSH reappears as the start of a new paragraph identical to the first paragraph.

(a) How many distinct messages does each paragraph contain?

(b) Dav tries to improve the robot, to get an even longer paragraph of distinct messages, by drawing different
wiring diagrams for the eleven letter positions. Experimenting with component cycles of various lengths, he
perfects his ultimate robot: FrankenCoder-II, a robot that produces the longest possible paragraph of distinct
eleven-letter messages. How many distinct messages does FrankenCoder-II produce?

(c) Draw a wiring diagram that could describe FrankenCoder-II. There may be ties, since different wiring dia-
grams can make robots that print paragraphs that have the same length. Draw just one wiring diagram.

(d) Dav realizes that because there are ties for the best wiring diagram, he can build an entire army of distinct
robots that are as good as FrankenCoder-II at creating long paragraphs. How many distinct robots can he
build that are as good as FrankenCoder-II? Include FrankenCoder-II in your count. (Two robots are regarded as
distinct if they scramble the starting message ENIGMACRUSH into different messages.)

11. (a) Stages 1 and 2 each contain 1 tile. Stage 6 contains 8 tiles. If
the pattern is continued, how many tiles will Stage 15 contain?

(b) What is the first Stage in which the number of tiles is a mul-
tiple of 2013?

END OF CONTEST
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1. In the diagram, the two circles are tangent to the two parallel lines. The
distance between the centers of the circles is 8, and both circles have
radius 3. What is the area of the shaded region between the circles?
ANSWER 48! 9!

SOLUTION The shaded region is what remains after two half-circles
have been removed from a rectangle whose width is 8 and whose
height is 6. The area of the rectangle is 6 " 8 = 48. The two half-
circles of radius 3 have total area 9!. The area of the shaded region is
therefore 48! 9!.

Decimal approximations were accepted. Students might want to be aware that some teachers require exact
answers unless approximations are explicitly requested. No deductions were made on this contest, though, for
replacing the exact answer with a decimal approximation.

2. EXAMPLE: The number 64 is equal to 82 and also equal to 43, so 64 is both a perfect square and a perfect cube.

(a) Find the smallest positive integer multiple of 12 that is a perfect square. ANSWER 36

(b) Find the smallest positive integer multiple of 12 that is a perfect cube. ANSWER 216

(c) Find the smallest positive integer multiple of 12 that is both a perfect square and a perfect cube.

ANSWER 46, 656

SOLUTION (a) 12 = 22 " 3. Perfect squares are the numbers for which prime factors each occur an even number
of times. To get a perfect square here we require at minimum one more factor of 3. This gives 22 " 32 = 36.

(b) To get a cube we require each prime factor to be repeated three times: 23 " 33 = 8" 27 = 216.

(c) The number of times each prime factor occurs must be even and also a multiple of three, so now each prime
factor must be repeated six times: 2636 = 66 = (63)2 = (216)2 = 46656.

A B

C

X
Y
ZD

3. Point C is the center of a large circle that passes through both A and
B, and C lies on the small circle whose diameter is AB. The area of the
small circle is 9!. Find the area of the shaded lune, the region inside
the small circle and outside the large circle. ANSWER 9

SOLUTION (See figure.) The area sought is labeled X. The center of the
small circle is D.

From the given area of the small circle, we see that the small radius is DB = 3.

(i) The area X + Y is half the area of the small circle, so X + Y = 9!
2 .

(ii) Segment BC has length 3
#

2. This can be shown as follows. First note that AD=BD=3, so the triangles ADC
and BDC are congruent. Thus angles ADC and BDC are both congruent and supplementary (i.e. add up to 180
degrees). This makes them both right angles. By the Pythagorean theorem, BC has length 3

#
2. (Alternatively,

one could observe that triangle ABC is inscribed in the small circle with one side as diameter and so ABC is a
right triangle. Then find BC using the Pythagorean theorem.)

(iii) The triangle ABC has area Z = 9 because it has width 6 and height 3.

(iv) The area Y + Z = 9!
2 because the region is one quarter of a circle of radius 3

#
2. The area of that quarter

circle is !r2

4 = !"9"2
4 = 9!

2 .

Thus the area of the lune is X = (X + Y)!Y = (X + Y)! (Y + Z) + Z = (i) -(iv) +(iii) = 9!
2 ! ( 9!

2 ) + 9 = 9.



4. Find all real numbers x that satisfy
!

x2 ! 7
2 x + 3

2

"(x2+7x+10)
= 1. ANSWER x = 1,!2,!5, and 7±

"
41

4

SOLUTION The equation bp = 1 is true in each of the following cases: (i) when p = 0 and b #= 0 (ii) when b = 1
(iii) when b = !1 and p is an even integer. Check all these cases for solutions x.

(i) Set p(x) = (x2 + 7x + 10) = (x + 2)(x + 5) = 0. This gives x = !2 and x = !5. Note that b is not zero for
either of these values of x, so these are both solutions.

(ii) Set b = x2 ! 7
2 x + 3

2 = 1. Then x2 ! 7
2 x + 1

2 = 0. The quadratic formula gives

x =
7
2 ±

#
( 7

2 )2 ! 4$ ( 1
2 )

2
=

7
2 ±

#
( 49

4 )! 8
4

2
=

7
2 ±

#
41
4

2
=

7
2 ± ( 1

2 )
"

41
2

=
7±

"
41

4

(iii) Set b = x2 ! 7
2 x + 3

2 = !1. Then x2 ! 7
2 x + 5

2 = 0. The quadratic formula gives

x =
7
2 ±

#
( 7

2 )2 ! 4$ ( 5
2 )

2
=

7
2 ±

#
( 49

4 )! 40
4

2
=

7
2 ±

#
9
4

2
=

7
2 ± ( 3

2 )
2

=
7±3

2
2

This gives x = 1 or x = 5
2 . Note that x = 1 makes the power p = 18, which is even, so x = 1 is a solution.

However, x = 5/2 makes the power p = 135/4, which is not even. Thus x = 5/2 is not a solution.

In summary, the five values x = 1,!2,!5, and 7±
"

41
4 are the solutions.

5. If the sum of distinct positive integers is 17, find the largest possible value of their product. Give both a set of
positive integers and their product. Remember to consider only sums of distinct numbers, and not 3+7+7 or
2+3+4+4+4, etc., which have repeated terms. You need not justify your answer on this question.

EXAMPLE: Distinct Integers: {2, 3, 4, 8} Their Sum: 2 + 3 + 4 + 8 = 17 Their Product: 2$ 3$ 4$ 8 = 192

ANSWER {2, 4, 5, 6} The product is 240

SOLUTION Consider 2+2+2+2+2+2+2+3=17 vs 8+9=17. The product of all the terms in the first sum is 3 $
27 = 384 and the product of the two terms in the second sum is 8 $ 9 = 72. You can make things bigger
multiplying more small things rather than fewer larger, in general. However, the problem requires distinct
integers. Therefore we try 2, 3, 4, 5. This is not quite 17, though. We have three extra to put somewhere. Not
enough to toss in the 6, so we fiddle and arrive at 2, 4, 5, 6.

Choose the set {2, 4, 5, 6}. 2 + 4 + 5 + 6 = 17 and 2$ 4$ 5$ 6 = 240.



6. There is at least one Friday the Thirteenth in every year.

(a) What is the latest possible month in which the first Friday the Thirteenth can occur? ANSWER OCTOBER

(b) In a year in which the first Friday the Thirteenth occurs in its latest month, what day of the week is January 1?
ANSWER SATURDAY

The table below shows the number of days in each month. February has 29 days in leap years and 28 in others.

JAN FEB MAR APR MAY JUN JUL AUG SEP OCT NOV DEC
31 28 or 29 31 30 31 30 31 31 30 31 30 31

SOLUTION (a) To analyze all possibilities you should look at regular (non-leap) years and also leap years.

Case 1. (See the left diagram for non-leap years.) The seven vertices of the polygon correspond to days of the
week, listed in clockwise order. Starting on the weekday of January 13, note that 31 days later, February 13 will
be located three days later in the week (indicated by an arrow jumping ahead three, traveling from Jan to Feb).
Repeating this month by month, we land on various days of the week, and we look to see which weekday takes
the longest time to be landed upon. The vertex that remains vacant longest is finally visited in September. If
that vertex is labelled Friday, then we see that Friday the thirteenth can be put off so that its first occurrence is
in September.

!

Jan 13, Oct 13

Feb 13, 
March 13, 
Nov 13

Aug

April,
July May,Nov

June

Sept 13, 
Dec 13

Jumping across each Month of a 
Non-Leap Year, Sept has  last 
unchosen weekday position.

Jan, April, July 13

Feb 13, 
Aug 13

Sept

March

June

LEAP YEAR: Oct has last 
unchosen position

Oct

May

A Non-Leap Year A Leap Year

Case 2. (See the right diagram for a leap year) Using a similar procedure, we see that the last vertex to be chosen
occurs in October, and we should label that vertex as Friday 13.

(b) The leap year diagram shows that Friday 13th falls in October when January 13 is one weekday sooner
(Thursday), and therefore January 15 is one weekday later (Saturday). Since January 15 and January 1 share
the same day of the week, the answer is Saturday. ( If you forget to consider leap years, you get answers
SEPTEMBER and TUESDAY. Partial credit was awarded for those answers.)



7. Suzie and her mom dry half the dishes together; then mom rests, while Suzie and her dad dry the other half.
Drying the dishes this way takes twice as long as when all three work together. If Suzie’s mom takes 2 seconds
per dish and her dad takes 5 seconds per dish, how long does Suzie take per dish?

ANSWER 10 seconds per dish

SOLUTION This is a time, distance, rate problem which uses the basic principle Progress = Rate ! Time.

Let x stand for the number that is sought, namely, the number of seconds Suzie takes to dry a dish. (Note that
the rate at which Suzie dries dishes is 1

x dishes/sec.) Consider what information is given in the question: a
relationship between the times required for various teams to complete certain tasks. That is,

The time T1 taken by Team 1 (Suzie and mom) PLUS the time T2 taken by Team 2 (Suzie and dad) is twice the
time T3 it takes for Team 3 ( Suzie, Mom, and Dad) to dry all the dishes.

The plan is to write these times in terms of x and solve for x.

First we list the given information. (The individuals’ drying rates are expressed in units of dishes/sec. One of
the features that makes this problem interesting is that the information given is seconds/dish information and
what we need to add together is dishes/second information.)

(a) Mom = 1
2 dish/sec

(b) Dad = 1
5 dish/sec

(c) Suzie = 1
x dish/sec

(d) T1 + T2 = 2T3.

Next compute the drying rates and drying times of the various teams. The number of dishes Mom and Suzie
dry per second is the sum of the number of dishes Mom dries in a second and the number Suzie dries in a
second- that is, the rate for a team is the sum of the individual rates of the team members.

Team Drying Rates and Times:

R1 = 1
x + 1

2 = 2+x
2x T1 = 1

2 (All dishes) 1
R1

R2 = 1
x + 1

5 = 5+x
5x T2 = 1

2 (All dishes) 1
R2

R3 = 1
x + 1

5 + 1
2 = 7x+10

10x T3 = (All dishes) 1
R3

Thus by (d) (T1 + T2 = 2T3) deduce that
1

R1
+ 1

R2
= 4

R3
, i.e. 2x

2+x + 5x
(5+x) = 40x

7x+10 .

Cancel x, then clear of all denominators to get the quadratic equation 9x2 " 70x" 200 = 0. Reject the negative
solution. Deduce x=10.



8. EXAMPLE: The non-terminating periodic decimal 0.124124 . . . = 0.124 has period three and is abbreviated by
placing a bar over the shortest repeating block.

(a) If all digits 0 through 9 are allowed, how many distinct periodic decimals 0.d1d2 . . . d6 have period exactly
six? Do not include patterns like 0.323 and 0.17 that have shorter periods. ANSWER 998, 910

(b) If only digits 0 and 1 are allowed, how many distinct periodic decimals 0.d1d2 . . . d12 have period exactly 12?
ANSWER 4020

SOLUTION Our goal is to count all cases exactly once, compensating for the overlaps, using the inclusion/exclusion
principle.

!

"#$%&'!(!

!!!)*+(,!
"#$%&'!*!

!!!!)*+,!
!

"#$%&'!-!

!!!!!)*+-,!
!

"#$%&'!.!

!!!!)*+.,!
!

(a) The inclusion-exclusion Venn diagram at left lists the various types
of types of repeating strings, and how these types overlap. For ex-
ample, a string that repeats with length 3 also repeats with length
6. The parenthetical numbers indicate that there are 106 different
strings of six digits, 103 different strings of three digits, 102 strings
of two digits, and 10 strings that have one digit. The number of
strings with a repeat length of exactly six and nothing smaller is
1, 000, 000! 1000! 100 + 10 = 1, 000, 010! 1100 = 998, 910.

!!

Length 6 
     (26) 

"#$%&'!(!

!!!!)((*!
!

Length 4 
     (24) 

!

Length 12 
    (212) 

!

(b) There are 212 = 4096 strings of length 12. If the fundamental period
length of a repeating string is smaller than 12, it is a proper divisor of
12, in which case, it is either (i) a divisor of 6, or (ii) a divisor of 4; and
if both (i) and (ii), it is (iii) a divisor of 2.
Case (i) has 26 = 64 strings, case (ii) has 24 = 16 strings, and case
(iii) has 22 = 4 strings. Thus there are 26 + 24 ! 22 = 76 strings that
have periods that are proper divisors of 12, and there are 212 ! 76 =
4096! 76 = 4020 strings that have period exactly 12.

You can consider the strings that have period exactly 1 and 3, also. Then you will have more overlaps to consider.
Since the strings with periods 1 and 3 also repeat every 6 digits, it is not necessary to separate these cases.



9. The standard abbreviation for the non-terminating repeating decimal .34121121121121121 . . . is .34121, a string
of five digits. How many distinct non-terminating repeating decimals .d1d2d3 . . . have standard abbreviations
that have at most six digits? (Consider two nonterminating decimals distinct if they differ in any digit. Nonter-
minating means that the digits are not eventually all zero.)

COMMENTS The standard abbreviation is also the shortest. For example, .34121121121121121 . . . = .34121 can
also be abbreviated as .341211, or as .3412112, or as .34121121 by sliding the bar rightward, making longer
strings. The nonterminating decimal .34121 has two parts: a repeating tail T = 121 and a non-repeating head
H = 34. If the string has no head, the decimal is periodic, which is acceptable. There must be a tail string
T, which by convention is NOT permitted to be T = 0, since that corresponds to a terminating decimal. The
examples .345, .9, and .7219 are all standard abbreviations for nonterminating repeating decimals.

ANSWER 5, 778, 810

SOLUTION Any choice of the head string H = hm . . . h2h1 and repeating tail T = tn . . . t2t1, selected indepen-
dently, will create a repeating decimal .HT, but in order to count only distinct items, we must be sure to keep
only the choices that are in shortest form. A combination .HT can be shortened precisely when H and T have the
same last digit: h1 = t1. If head and tail strings of digits do not have matching ending symbol, then when they
are combined, the resulting string cannot be shortened.

The key idea is to first choose the tail T, then count how many strings have this tail. It is permissible to add
either no head or any head H whose last digit does not match that of T.

Select T first, look at its terminal symbol t1, and then count all head strings H that DO NOT match this given t1.
That there are 9 ways to pick h1 that avoid matching t1. Next we may adjoin arbitrary extra head digits .hm . . . h2

in the slots to the left of h1, until we use up the maximum string length, six. There are 10 acceptable digits that
can be placed in each such slot.

Example. Suppose the periodic tail has length three, such as T = 312. What strings of length at most six have
exactly this tail? The head can have either one digit, two digit, three digits, or be empty (headless), so (i) H = h1
or (ii) H = h2h1 or (iii) H = h3h2h1 or (iv) we choose to omit any head.

In case (i) there are 9 choices for h1 that avoid the digit 2; in case (ii) there are 10! 9 choices; in case (iii) there
are 10! 10! 9 choices for the head, and in case (iv) we make the single choice to omit any head. Thus for a tail
of length three, there are a total of 1000 distinct strings that have this tail. Using these ideas, we make a table
describing all cases:

Tail Length Number of possible heads Number of tail choices Product=Total choices
Six 1 106 " 103 " 102 + 10 1! (106 " 103 " 102 + 10)

Five 10 105 " 10 (10)! (105 " 10)
Four 102 104 " 102 (102)! (104 " 102)
Three 103 103 " 10 (103)! (103 " 10)
Two 104 102 " 10 (104)! (102 " 10)
One 105 9 (105)! (9)

The numbers of periodic tails of various lengths were computed as in the previous problem. Note that the
lowest line in the table departs slightly from the basic pattern: the number of tails of length one is only 9, since
the tail 0 is not permitted. Total number of strings of length at most six: 5, 778, 810.



10. Dav designs a robot, which he calls FrankenCoder, to print nonsense text by scrambling eleven-letter messages.
The robot always repeats the same scrambling rule.

FrankenCoder scrambles ENIGMACRUSH into
GENIUSCHARM. Using the same rule, Franken-
Coder then scrambles GENIUSCHARM into
IGENARCMSHU, and so on.

1 2 3 4 5 6 7 8 9 10 11
1st: E N I G M A C R U S H
2nd: G E N I U S C H A R M
3rd: I G E N A R C M S H U

3

1
2 9

4
8

5

10
6

11!
!

"
"

#
# $

$
%&

!7

FrankenCoder’s internal wiring for scrambling letters is diagrammed
at left, depicted as a collection of cycles. The arrows show how each of
the eleven letters moves in a single scramble: letter 7 stays in its place,
the first four letters move in a cycle, and the other six letters also trade
positions in a cycle.

Dav sees that the messages printed by FrankenCoder repeat cyclically in paragraphs: eventually, the original
message ENIGMACRUSH reappears as the start of a new paragraph identical to the first paragraph.

(a) How many distinct messages does each paragraph contain? ANSWER 12

(b) Dav tries to improve the robot, to get an even longer paragraph of distinct messages, by drawing different
wiring diagrams for the eleven letter positions. Experimenting with component cycles of various lengths, he
perfects his ultimate robot: FrankenCoder-II, a robot that produces the longest possible paragraph of distinct
eleven-letter messages. How many distinct messages does FrankenCoder-II produce? ANSWER 30

(c) Draw a wiring diagram that could describe FrankenCoder-II. There may be ties, since different wiring dia-
grams can make robots that print paragraphs that have the same length. Draw just one wiring diagram.

ANSWER
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One possible internal wiring for FrankenCoder-II is diagrammed at
left. The five letters 1, 2, 3, 7, and 4 move in a cycle, and the other six,
5, 11, 8, 10, 6, and 9 also trade positions in a cycle. Any example with
one cycle of 5 and one cycle of 6 is acceptable. Any example with a
cycle of length 1, a cycle of length 2, a cycle of length 3, and a cycle of
length 5 is acceptable.

(d) Dav realizes that because there are ties for the best wiring diagram, he can build an entire army of distinct
robots that are as good as FrankenCoder-II at creating long paragraphs. How many distinct robots can he
build that are as good as FrankenCoder-II? Include FrankenCoder-II in your count. (Two robots are regarded as
distinct if they scramble the starting message ENIGMACRUSH into different messages.) ANSWER 2, 661, 120

SOLUTION (a) From the wiring diagram, we see that letters 1-4 return to their original positions every four
repeats. Letter 7 is always in its original position. The remaining letters return to their original positions every
six repeats. All the letters will first return to their original position after LCM(4,6)= 12 repeats. There are 12
distinct messages in a paragraph.

(b) We are looking for sets of cycle lengths that add up to 11 and have the largest possible LCM. For complete-
ness, we list all possibilities below, in order of increasing complexity (more pieces means more complexity). We
begin with one large cycle, move to the case of two separate cycles , then three separate cycles, etc.

One single cycle of length 11 gives LCM 11. (Obviously not great.)

Two separate cycles:

11= 1 + 10; LCM=10

11= 2 + 9; LCM=18

11= 3 + 8; LCM=24

11= 4 + 7; LCM=28

11= 5 + 6; LCM=30

Three separate cycles:

11= 1+1+9; LCM=9

11= 1+2+8; LCM=8



11= 1+3+7; LCM=21

11= 1+4+6; LCM=12

11= 1+5+5; LCM=5

11= 2+2+7; LCM=14

11= 2+3+6; LCM=6

11= 2+4+5; LCM=20

11= 3+3+5; LCM=15

11= 3+4+4; LCM=12

Four separate cycles:

11= 1+1+1+8; LCM=8

11= 1+1+2+7; LCM=14

11= 1+1+3+6; LCM=6

11= 1+1+4+5; LCM=20

11= 1+2+2+6; LCM=6

11= 1+2+3+5; LCM=30

11= 1+2+4+4; LCM=4

11= 1+3+3+4; LCM=11

11= 2+2+2+5; LCM=10

11= 2+2+3+4; LCM=24

11= 2+3+3+3; LCM=6

Five separate cycles:

11= 1+1+1+1+7; LCM=7

11= 1+1+1+2+6; LCM=6

11= 1+1+1+3+5; LCM=15

11= 1+1+1+4+4; LCM=4

11= 1+1+2+2+5; LCM=10

11= 1+1+2+3+4; LCM=12

11= 1+1+3+3+3; LCM=3

11= 1+2+2+2+4; LCM=4

11= 1+2+2+3+3; LCM=6

11= 2+2+2+2+3; LCM=6

Six separate cycles:

11=1+1+1+1+1+6; LCM=6

11=1+1+1+1+2+5; LCM=5

11=1+1+1+1+3+4; LCM=12

11=1+1+1+2+2+4; LCM=4

11=1+1+1+2+3+3; LCM=6

11=1+1+2+2+2+3; LCM=6

11=1+2+2+2+2+2; LCM=2

Seven separate cycles:

11=1+1+1+1+1+1+5; LCM=5

And so on. Nobody is expected to write out all the possibilities: checking in your head is acceptable! Clearly
none of the rest will give LCM as large as 30.

Conclusion. The greatest LCM is 30 and occurs in two distinct ways: (i) for cycles 5 and 6 and (ii) for cycles of
lengths 1, 2, 3, and 5. In both cases, FrankenCoder-II will will produce 30 distinct messages.

It is important that there are TWO optimal cycle decompositions. Both solutions must be found in order to
successfully tackle the following part (d) below. For part (d), it will not suffice to just find one of them.

(c) Choose either cycles of lengths 5 and 6 or cycles of lengths 1, 2, 3, and 5. Partition the numbers 1-11 into
appropriate groups, pick an order, and draw your wiring diagram.
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(i) One possible internal wiring for FrankenCoder-II is diagrammed at
left. The five letters 1, 2, 3, 7, and 4 move in a cycle, and the other six,
5, 11, 8, 10, 6, and 9 also trade positions in a cycle. Any example with
one cycle of 5 and one cycle of 6 is acceptable.
(ii) Another possibility, (not diagrammed) has a cycle of length 1, a
cycle of length 2, a cycle of length 3, and a cycle of length 5. (It suffices
to draw just one example, either of type (i) or of type (ii).)

(d) We must count (i) the number of choices of robots with cycles of lengths 5 and 6 and (ii) the number of
choices of robots with cycles of lengths 1, 2, 3 and 5.

(i) Count first the case of cycles of lengths 5 and 6. Put the numbers 1-11 into the following blanks:

( , , , , )( , , , , , )

There are 11! ways to do this. Each 5 cycle will appear on the list 5 ways, one way with each element as first:

(1, 2, 3, 4, 5), (2, 3, 4, 5, 1), (3, 4, 5, 1, 2), etc. Likewise, each 6 cycle will appear 6 ways. The total number of
choices of wiring diagrams with cycles of lengths 5 and 6 is 11!

5!6

(ii) Now count the case of cycles with lengths 1, 2, 3, and 5. Put the numbers 1-11 into the following blanks:

( )( , )( , , )( , , , , , )

There are 11! ways to do this. Each 2 cycle appears twice, the 3 cycles appear 3 ways, and the 5 cycles appear 5
ways. The total number of choices of wiring diagrams with cycles of lengths 1, 2, 3, and 5 is 11!

2!3!5 = 11!
5!6

Add the results from (i) and (ii). There are 2 ! 11!
5!6 = 11!

5!3 =11! 10! 9! 8! 7! 6! 4! 2= 990 ! 56 ! 48=
2,661,120 robots in all.



11. (a) Stages 1 and 2 each contain 1 tile. Stage 6 contains 8 tiles. If the
pattern is continued, how many tiles will Stage 15 contain?
ANSWER 610

(b) What is the first Stage in which the number of tiles is a multiple of

2013? ANSWER 60th

SOLUTION (a) Each figure is formed by combining the two previous figures. The number of tiles at one Stage is
the sum of the numbers of tiles in the previous two, with the first two Stages having one tile each. The numbers
produced this way are called the Fibonacci numbers, of course.

Stage: 1st 2nd 3rd 4th 5th 6th 7th 8th 9th 10th 11th 12th 13th 14th 15th
Number of tiles: 1 1 2 3 5 8 13 21 34 55 89 144 233 377 610

The number of tiles in the 15th Stage is 610.

(b) The problem is to find the index of the first Fibonacci number that is a multiple of 2013. Suppose we know
that a particular Fibonacci number Fk is a multiple of some integer n. Consider the Fibonacci sequence mod
n. That is, write the remainders of each Fibonacci number when divided by n. Call the new sequence f j.
Observe that the f j satisfy the same recursion identity that the Fibonacci numbers obey: f j = f j!1 + f j!2.
What we are saying is that for some particular k, we know fk = 0. Then fk+1 = fk + fk!1 = fk!1 and also
fk+2 = fk+1 + fk = fk+1 = fk!1. The sequence is ... fk!1, 0 fk!1, fk!1, 2 fk!1, 3 fk!1, 5 fk!1,... We are starting over
with fk!1, times the original sequence. When we go k more terms we will be back to 0 (mod n). We find that if
Fk is zero mod some n then every kth Fibonacci number will be zero mod n. In other words, if the kth Fibonacci
number is a multiple of n, then so is every k Fibonacci number in the sequence. (In fact, what we found is that
every kth Fibonacci number is a multiple of Fk. That is, every third number in the sequence is a multiple of the
third Fibonacci number; every 4th Fibonacci number is a multiple of the fourth one, and so on.)

To find the first Fibonacci number that is a multiple of 2013, first factor 2013=3" 11" 61. Look for the first n for
which Fn is a multiple of 3, the first n for which Fn is a multiple of 11, and the first n for which Fn is a multiple of
61. Then we will find the LCM of these indices and that will be the first index for which the Fibonacci number
is a multiple of all three factors and hence of 2013. Checking the list we made in part (a), we find that the first
Fibonacci number that is a multiple of 3 is the 4th one. (So every fourth Fibonacci number is a multiple of 3.)
The first one that is a multiple of 11 is 55, which is the 10th one. (So every tenth Fibonacci number is a multiple
of 11.) The first one that is a multiple of 61 is the 15th one. (So every 15th Fibonacci number is a multiple of 61.)
LCM(4,10,15)=60. Therefore, the first Fibonacci number that is a multiple of 2013 is the 60th one and the first
Stage in which the number of unit tiles is a multiple of 2013 is also the 60th. Note how nicely this works out for
the year 2013.


