
Twenty-second Annual UNC Math Contest First Round November, 2013

Rules: 90 minutes; no electronic devices.

The problems are arranged in no particular order of difficulty.

1. CHIN-UPS On Day 1, Jim does his first chin-up. On Day 2 he does 2 chin-ups. Each day he
does one more chin-up than he did the day before.
(a) On which day will Jim do his 10th chin-up?
(b) On which day will Jim do his 150th chin-up?

A

B

C
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2. BARN The four solid edges (two vertical sides
and two slanted top edges) have equal length. The
four dashed edges (three cross-bars and the horizon-
tal floor) also have equal length. If the area of the small
shaded triangle is one, what is the total area enclosed
by the five-sided figure ABCDE?

3. WHISKERS & PINTS Whiskers found several pints of ice cream in the freezer and quickly
ate one fifth of the whole amount. Not quite content, he slurped up one fifth of a pint more,
leaving exactly seven pints remaining. How many pints did Whiskers eat in all?

4. GOOGOLS A googol can be written in decimal form as 1 followed by 100 zeroes:
10,000,000,000,000,000,000,000,000,000,000,000,000,000,000,000,000,000,000,000,000,000,000,000,000,000,000,000,000,000,000,000,000,000

(a) How many digits are in the decimal form of the product googol ! googol ?
(b) How many different prime factors does the number googolgoogol have?
A prime is an integer greater than one whose only divisors are itself and one.

5. ROBOT A room with a square floor 100 ! 100 is
paved with identical square tiles whose dimensions are
1 ! 1. A robot travels along a rectangular spiral that
starts at one corner and moves inward toward the cen-
ter, crossing each tile exactly once and then stopping.
(a) How many times does the robot turn a corner?
(b) When the robot has visited half of the tiles on the
floor, how many turns has it made?

TURN PAGE OVER



6. N & M Suppose that 0 < M < N, N !M = 7, and M" N = 60. What is N + M?

7. NUMBER LINE The points A, B, C, D, E, and F are equally spaced and in alphabetical order
on a number line. The point A is at 5 and the point F is at 15. Where is the point D?

<————–A————–B————–C————–D————–E————–F————–>

8. Q Find an integer Q that satisfies the inequalities 26 < Q + 16 < 2Q < 36.
The inequality sign < means strict inequality. That is, a < b means that a is less than b and not equal to b.

9. POCKET SWAP The left pocket contains only dimes, and the right pocket contains only
quarters. After an equal number of dimes and quarters change sides, the coins in the left
pocket will be worth three times as much as the coins in the right pocket. What is the smallest
positive total number of coins that could be in the two pockets?
A dime is worth 10 cents and a quarter is worth 25 cents.

10. ALPHABET COOKIE LEFTOVERS (a) Seven delicious alphabet cookies are listed alpha-
betically in a row as A, B, C, D, E, F, G. You eat some or all of the cookies and look at the
alphabetized pattern made by the leftovers. How many different possible alphabetized left-
over patterns are there which contain no pairs of consecutive letters? For example, you might eat

cookies A, B, D, and F, and leave C, E, and G. There are no pairs of consecutive letters in this pattern of three remaining

cookies. We do not care in what order you eat the cookies; count two patterns as the same if the same cookies are left

remaining. Count the example above and also the case of no cookies left in your total of possible patterns.

(b) Suppose you start with the eleven cookies A, B, C, D, E, F, G, H, I, J, K. Now how many
different possible alphabetized patterns of uneaten cookies are there which contain no pairs
of consecutive letters?

11. [LOG] (a) Compute the sum [log2 1] + [log2 2] + [log2 3] + . . . + [log2 10].
(The notation [x] means the greatest integer less than or equal to x. For example, [2.9]=2.
The notation logb a means logarithm base b of a. For example x=log3 a satisfies 3x = a.)

END OF CONTEST



ANSWERS:
1a. Day 4 On Day 1, Jim does sit-up number 1. On Day 2, he does two more. These are
sit-ups numbers 2 and 3. He has now done 1+2=3 sit-ups in all. On Day 3, he does three more
or 3+3=6 in all. On Day 4 he has done 6+4=10 in all. The last sit-up he does on Day 4 is his
tenth sit-up.
1.b Day 17 One can continue as above until the total has gone above 150. Alternatively,

one can note that after day n Jim will have completed 1 + 2 + . . . + n = n(n+1)
2 chin-ups. Set

n(n+1)
2 ! 150 and deduce that the smallest positive solution is n = 17.

19 October 2013 - Scale in cm: 2.4:1 (x), 2.4:1 (y)
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2. Area= 15 . The large equilateral triangle BDE
has side length three times the side length of the small
shaded equilateral triangle, hence has area 9. Three
congruent copies of the exterior isosceles triangles BCD
and EAB will exactly fill the large equilateral triangle
BDE, so each isosceles triangle has area 3. The total fig-
ure has five such isosceles triangles, so the total area is
15. (There are many ways to approach this one. The diagram is full

of 30 and 60 degree angles and similar triangles.)

3. 2 pints First solve for x = the number of pints in the freezer. After Whiskers eats
a fifth of x, what remains is 4

5 x. Next this is reduced by an additional 1
5 . What remains is

4
5 x" 1

5 = 7. Thus x = 9. Finally, subtract the 7 remaining from the 9 original to compute what
Whiskers consumes, 9-7=2 pints.
4.a 201 digits Note that googol# googol = 10100# 10100 = 10200. This is written in decimal
form as 1 followed by 200 zeros. The total number of digits is 201.
4.b 2 primes The number 10 = 2# 5 has two prime factors. All positive integer powers
of 10 also have only these two prime factors. This principle is applicable to both googol = 10100

and googolgoogol = 10100googol

5.a 198 turns A 4# 4 room has a spiral with seven legs and six turns. A 6# 6 room has
a spiral with eleven legs and ten turns. In general an n# n room has 2n" 2 turns. If n = 100
there are 2# 99 = 198 turns.
5.b After 58 turns After every four corner turns, the unswept area that remains is another per-
fect square. A crude estimate is that half the tiles have been swept when the perfect square
that remains has edge length close to

$
2

2 100 = 70.7. We now refine this estimate. The perfect
square with dimensions 70# 70, whose unswept area is 4900, corresponds to 60 completed
corner turns and 5100 swept tiles, which is 100 tiles too many. Now refine this slightly, work-
ing backwards from this data point. The area reaches the halfway point after the 58th turn and
before the 59th turn.
6. 17 M = N + 7 so 60 = MN = (N + 7)N = N2 + 7N. That is, N2 + 7N " 60 =
0. Factor as (N + 12)(N " 5) or use the quadratic formula to deduce N = 5 or N = "12.
Rejecting the negative value, infer that N = 5 and therefore M = N + 7 = 12. Thus M + N =
12 + 5 = 17.
7. D = 11 The distance between A and F is ten units and this has been divided into five
equal lengths. Therefore, the spacing between consecutive points is 2 and D is 4 units below



F. 15! 4 = 11.
8. Q = 17 The leftmost inequality implies 10 < Q. The second inequality implies
16 < Q. Therefore, the leftmost inequality is not relevant and we may discard it. The last
inequality implies Q < 18. The only integer Q with 16 < Q < 18 is Q = 17.
9. 5 coins (3 dimes and 2 quarters, you switch 2 coins)
10. a A7 = 34 is the number of leftover arrangements of seven cookies
10. b A11 = 233 It is not an accident that these are Fibonacci numbers! By checking small
values of N first, it is easy to check that A2 = 3 and A3 = 5. Furthermore, the number of
arrangements of N cookies must satisfy the recurrence AN+1 = AN + AN!1. Indeed, when
an extra alphabet cookie is added to a tray that already has the first N cookies, the number
of possible arrangements of leftovers, AN+1, can be accounted for by looking at two disjoint
cases: (i) if we eat the new cookie, then there AN choices for the remaining N cookies; and (ii)
if we do not eat the (N + 1)th cookie, then we must eat the Nth cookie, which leaves N ! 1
cookies that can be arranged in AN!1 ways. The recurrence pattern therefore compels all
subsequent values to be Fibonacci numbers.
11. 19



  University of Northern Colorado Mathematics Contest 

Problems are duplicated and solved by Ming Song (msongmath@yahoo.com) 3 

 

University Of Northern Colorado Mathematics Contest 2013-2014 

Problems of First Round with Solutions 

 

1. CHIN-UPS On Day 1, Jim does his first chin-up. On Day 2 he does 2 chin-ups. Each day 
he does one more chin-up than he did the day before. 

 (a) On which day will Jim do his 10
th
 chin-up? 

Answer: 4
th

 

Solution: 

Note that 104321 !""" . 

So the last chin-up of the four on the 4
th
 day is the 10

th
 chin-up overall. 

 (b) On which day will Jim do his 150
th
 chin-up? 

Answer: 17
th

 

Solution: 

Note that 

150136
2

1716
1621 #!

$
!""" !  

and 

150153171361721 %!"!""" ! . 

So the 150
th
 chin-up is on the 17

th
 day. 

 

2. BARN The four solid edges (two vertical sides and two slanted top edges) have equal 

length. The four dashed edges (three cross-bars and the horizontal floor) also have equal 

length. If the area of the small shaded triangle is one, what is the total area enclosed by the 
five-sided figure ABCDE? 

 

Answer: 15 

Solution 1: 

The four solid segments are the four sides of a regular hexagon. The four dashed segments are the 
four congruent diagonals of the hexagon. 

A 

B 

C 

D E 
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By recognizing these we see the answer without calculations as shown. 

 

The answer is 15 with all small triangles having the same area. 

Solution 2: 

Let AC intersect BD and BE at G and H respectively. 

 

Let 1!!CHAG . 

Since "!#!# 60BDEBED , "!#!# 30CDHAEG . Triangles EAG and DCH are 30°-60°-90° 

triangles. So 3!! CDAE  and 2!! DHEG . 

Since BAE and BCD are isosceles triangles, "!#!#!#!# 30CDBCBDAEBABE . 

Then "!"$%"!#!# 120302180BCDBAE . So "!"%"!#!# 3090120BCHBAG . 

Then ABG&  and BCH&  are isosceles. We have 1!!!! CHBHAGBG . 

With EDGM ||  BGH&  is equilateral. So 1!GH . Then 3111 !''!! ACDE . 

Let h be the height of triangle BGH. Then 
2

3
!h . 

The area of triangle BGH is 
4

3

2

3
1

2

1
!(( . 

The area of pentagon ABCDE is 
4

315
33

2

3
3

2

1
!('(( . 

The ratio of the area of pentagon ABCDE to the area of triangle BGH is 15. 

Now the area of triangle BGH (shaded) is 1. 

So the area of pentagon ABCDE is 15. 

A 

B 

C 

D E 

H G 

h 

A 

B 

C 

D E 
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3. WHISKERS & PINTS Whiskers  found  several  pints  of  ice  cream  in  the  freezer  and  

quickly ate  one fifth  of  the whole amount.  Not  quite  content,  he slurped up one fifth  of  a  
pint more, leaving exactly seven pints remaining. How many pints did Whiskers eat in all? 

Answer: 2 

Solution: 

Let x be the whole amount of ice cream. We have the following equation 

7
5

1

5

4
!"x . 

So 9!x . 

Then Whiskers ate 2
5

1
9

5

1
!#$  pints of ice cream. 

 

4. GOOGOLS A googol can be written in decimal form as 1 followed by 100 zeroes: 

|zeros100|

0000001
%&

! . 

 (a) How many digits are in the decimal form of the product googlegoogle$ ? 

Answer: 201 

Solution: 

A googol = 10010 . So 200100100 101010 !$!$ googlegoogle . It has 201 digits. 

 (b) How many different prime factors does the number googlegoogle  have? 

 A prime is an integer greater than one whose only divisors are itself and one. 

Answer: 2 

Solution: 

googlegoogle  is k10  where k is a positive integer. So googlegoogle  has two different prime factors: 

2 and 5. 

 

5. ROBOT A room with a square floor 100100$  is paved with identical square tiles whose 

dimensions are 11$ . A robot travels along a rectangular spiral that starts at one corner and 

moves inward toward the center, crossing each tile exactly once and then stopping. 

 

 (a) How many times does the robot turn a corner? 
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Answer: 198 

Solution: 

Let a square floor be nn! . Since 100 is even, we first consider n to be even. 

Let " #nf  be the number of turns for the robot to walk through all tiles of the nn!  floor. 

After the robot just turns the forth corner, it has an " # " #22 $!$ nn  floor remaining to go: 

 

So we have 

" # " #24 $%& nfnf . 

Continuing the recursion we have 

" # " # " # " # !&$%!&$%!&$%& 64344224 nfnfnfnf . 

Since n is even, we obtain 

" # " #24
2

2
f

n
nf %!

$
& . 

Obviously " # 22 &f  as shown below: 

 

So for even integer n, 

" # " #1224
2

2
$&%!

$
& n

n
nf . 

Now for 100&n , the answer is " # 19811002 &$' . 

Further Comment: 

If n is odd,  

n 

n n – 2

n – 2
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! " ! " ! " ! " ! "14
2

1
64344224 f

n
nfnfnfnf #$

%
&&%#$&%#$&%#& ! . 

Obviously, ! " 01 &f . 

So for odd integer n, we also have 

! " ! "1204
2

1
%&#$

%
& n

n
nf . 

For any positive integer n we always have  

! " ! "12 %& nnf . 

In fact, we can combine the two cases into one. 

Let ! "nf  be the number of turns for the robot to walk through all tiles of the nn$  floor. 

After the robot just turns the second corner, it has an ! " ! "11 %$% nn  floor remaining to go: 

 

So we have 

! " ! "12 %#& nfnf . 

Continuing the recursion we have 

! " ! " ! " ! " ! " ! "12132322212 fnnfnfnfnf #$%&&%#$&%#$&%#& ! . 

Obviously ! " 01 &f . 

Therefore, ! " ! "12 %& nnf . 

 (b) When the robot has visited half of the tiles on the floor, how many turns has it made? 

Answer: 58 

Solution: 

After the first 4 turns the robot has walked through 994$  tiles. After the second 4 turns the robot 

has walked through 974$  tiles, etc. So we look for an odd number 12 #k  such that 

n 

n 
n – 1

n – 1
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! "# $
2

100
1297994

2

%&&&&' k! . 

Note that the sum of the first n odd positive integers is 2
n . We have 

250139799 (&&&& !  and ! " 21312 kk (&&&) ! . 

So ! "
2

100
504

2
22 %)' k . That is, 12502 %k . 

Note that 1225352 ( . So 35%k . Take 35(k . Then 7112 (&k . 

From 71 to 99 there are 151
2

7199
(&

)
 odd numbers. 

Calculate ! " 5100
2

7199
1547197994 (

&
''(&&&' ! . 

After 15 rounds of four turns, 60 turns in total, the robot has walked through 5100 titles, 100 tiles 

over half of 2100  titles. Just after the 60
th
 turn, the robot has a 70 by 70 floor remaining to go. 

 

For  the  robot  to  walk  exactly  5000  tiles,  we  have  to  let  the  robot  go  back  100  tiles.  Two  turns  

(60
th
 and 59

th
) back are enough, as shown. So the answer is 58260 () . 

 

6. N & M Suppose that NM **0 , 7()MN , and 60(' NM . What is MN & ? 

Answer: 17 

Solution 1: 

! " ! " 2222
1728960474 (('&(&)(& NMMNMN . 

With NM **0  we obtain 17(& MN . 

100

10070 by 70 

60
th
 Turn 

59
th
 Turn 58

th
 Turn

the robot has walked through 5000 tiles
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Solution 2: 

By feeling two numbers whose product is 60 and difference is 7, we know that one number is 12 
and the other is 5. Their sum is 17. 

 

7. NUMBER LINE The points A, B, C, D, E, and F are equally spaced and in alphabetical 

order on a number line. The point A is at 5 and the point F is at 15. Where is the point D? 

 

Answer: 11 

Solution 1: 

10515 !"!" AF . 610
5

3

5

3
!#!#! AFAD . So 1165 !$!$! ADAD . 

Solution 2: 

By the weighted average 1115
5

3
5

5

2

5

3

5

2
!#$#!#$#! FAD . 

Further Comment: 

Solution 2 makes the following problem easily be solved: 

What is the number 
5

3
 way from 

3

1
 to 

4

3
. 

The answer is 
12

7

5

3

4

3

5

2

3

1
!#$# . 

 

8. Q Find an integer Q that satisfies the inequalities 3621626 %%$% QQ . 

 The inequality sign < means strict inequality. That is, ba % means that a is less than b and not equal to b. 

Answer: 17 

Solution: 

From the first inequality 1626 $%Q  we have 10&Q . 

From the second inequality QQ 216 %$  we have 16&Q . 

From the third inequality 362 %Q  we have 18%Q . 

So the solution to the inequalities is 1816 %%Q . 

Since Q is an integer, 17!Q  as the answer. 

 

9. POCKET SWAP The left pocket contains only dimes, and the right pocket contains only 

quarters.  After  an  equal  number  of  dimes  and  quarters  change  sides,  the  coins  in  the  left  
pocket  will  be  worth  three  times  as  much  as  the  coins  in  the  right  pocket.  What  is  the  

smallest positive total number of coins that could be in the two pockets? 

 A dime is worth 10 cents and a quarter is worth 25 cents. 

A B C D E F 
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Answer: 5 

Solution: 

Let x be the number of dimes in the left pocket, y be the number of quarters in the right pocket, 

and n be the number of coins changing sides. 

The value of all coins in the left pocket is x10  in cents, the value of all coins in the right pocket is 

y25  in cents. By switching one coin the net change in the left pocket is 15 cents more, and the 

net change in the right pocket is 15 cents less. So we have the following Diophantine equation: 

! "nynx 152531510 #$% . 

That is, 

nyx 607510 #$ . 

Or 

nyx 12152 #$ . 

y must be even. Let zy 2$ . We have 

nzx 615 #$ . 

Since we want to have the smallest number of coins, we let 1$z . Then 2$y . 

Since 0&x , 
2

5

6

15
$'n . 

For x to be the smallest, we let 2$n . Then 3$x . The total number of coins is 523 $% . 

As the answer 5 is the smallest total number of coins. 

 

10. ALPHABET COOKIE LEFTOVERS (a) Seven delicious alphabet cookies are listed 

alphabetically in a row as A, B, C, D, E, F, G. You eat some or all of the cookies and look 
at the alphabetized pattern made by the leftovers. How many different possible 

alphabetized leftover patterns are there which contain no pairs of consecutive letters? 

 For example, you might eat cookies A, B, D, and F, and leave C, E, and G. There are no pairs of consecutive 
letters in this pattern of three remaining cookies. We do not care in what order you eat the cookies; count two 
patterns as the same if  the same cookies are left  remaining.  Count the example above and also the case of no 
cookies left in your total of possible patterns. 

 (b) Suppose you start with the eleven cookies A, B, C, D, E, F, G, H, I, J, K. Now how 

many different possible alphabetized patterns of uneaten cookies are there which contain no 

pairs of consecutive letters? 

Answer: (a) 34 and (b) 233 

By studying from the small starting numbers of cookies we may easily conjecture the pattern to 

get the answers. 

However, we have two wonderful ways to prove the pattern. 

Solution 1: 

We will derive the answer for n cookies. 

Let n cookies be nAAAA ,,,, 321 ! . 
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Let nf  be the number of ways to have the leftover satisfying the condition. 

We have two decisions in 1A : eaten or not eaten. 

If 1A  is eaten, then we can have any leftover in 1!n  cookies nAAA ,,, 32 !  provided that there is 

no pair of two consecutive cookies. There are 1!nf  ways to have the leftover in 1!n  cookies. So 

there are 1!nf  ways to have the leftover when 1A  is eaten. 

If 1A  is not eaten, then we must eat 2A . Otherwise, 1A  and 2A  are consecutive. Now we can have 

any leftover in 2!n  cookies nAAA ,,, 43 !  provided that there is no pair of two consecutive 

cookies. There are 2!nf  ways to have the leftover in 2!n  cookies. So there are 2!nf  ways to 

have the leftover when 1A  is not eaten. 

Therefore, 21 !! "# nnn fff . 

If 0#n , 10 #f . There is one way to have the leftover: no piece left. 

If 1#n , 21 #f . There are two ways to have the leftover: no piece left and one piece left. 

This leads the Fibonacci sequence: 1, 2, 3, 5, 8, 13, 21, 34, 55, 89, 144, 233, !  with the first 

number to be 0f . 

Then 347 #f  and 23311 #f  as the answers. 

Solution 2: 

Lemma: 

The number of positive integer solutions to equation 

nxxx m #""" !21  

is 

$$
%

&
''
(

)

!

!

1

1

m

n
 

where n is a positive integer with mn * . 

Proof of the lemma: 

We put n balls in a row: 

 

We insert 1!m  sticks between the balls, one stick in a gap. Let the number of balls left to the 

first stick be 1x ,  the number of balls right to the last stick be mx , and ix  be the number of balls 

between stick 1!i  and stick i for 1,,3,2 !# mi ! . 

There is a one-to-one correspondence between solutions to the original equation and ways to 
insert sticks. So the number of positive integer solutions to the original equation is equal to the 

number of ways to insert 1!m  sticks into 1!n  gaps between n balls. 

Therefore, the answer is $$
%

&
''
(

)

!

!

1

1

m

n
. 
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We will derive the answer for n cookies. 

Put n cookies in a row: 

 

Consider k  cookies 
k

BBBB ,,,, 321 !  left as shown. 

 

Let 0x  be the number of eaten cookies left to 1B , 
k

x  be the number of eaten cookies right to 
k

B , 

and 
i

x  be the number of eaten cookies between 
i

B  and 1!iB  for 1,,2,1 "# ki ! . 

We have the number of all eaten cookies: 

knxxxx
k

"#!!!! !210  

with 00 $x , 0$
k

x , and 0%
i

x  for 1,,2,1 "# ki ! . 0%
i

x  guarantees that 
i

B  and 1!iB  are not 

consecutive for all i from 1 to 1"k . 

Adding 2 in both sides: 

& ' & ' 211 1210 !"#!!!!!!! " knxxxxx
kk

! . 

Let 100 !#( xx  and 1!#(
nn

xx . Then 

21210 !"#(!!!!!( " knxxxxx
kk

! . 

Now we have 00 %(x , 0%(
n

x , and all 0%
i

x  for 1,,2,1 "# ki ! . 

By the lemma the number of positive integer solutions to the above equation is 

))
*

+
,,
-

. !"
#))

*

+
,,
-

.

"!

"!"

k

kn

k

kn 1

11

12
. 

This is the number of possible leftovers of k cookies satisfying the condition. 

For this to be positive we must have kkn $!" 1 . So 
2

1!
/

n
k . 

k can be from 0 to 01

2
34

5 !
2

1n
 where 6 7x  denotes the greatest integer less than or equal to x. 

Therefore, if there are n cookies at the beginning, the number of possible leftovers is 

8
0
1

2
3
4

5 !

#
))
*

+
,,
-

. !"2

1

0

1

n

k
k

kn
. 

For 7#n , we have the answer 

341101571
4

4

3

5

2

6

1

7

0

8174

0

#!!!!#))
*

+
,,
-

.
!))
*

+
,,
-

.
!))
*

+
,,
-

.
!))
*

+
,,
-

.
!))
*

+
,,
-

.
#))

*

+
,,
-

. !"
8
#k

k

k
. 

B1 B2 Bk 
x0 x1 x2 xk–1    xk 
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For 11!n , we have the answer 

233121708445111
6

6

5

7

4

8

3

9

2

10

1

11

0

121116

0

!""""""!##
$

%
&&
'

(
"##
$

%
&&
'

(
"##
$

%
&&
'

(
"##
$

%
&&
'

(
"##
$

%
&&
'

(
"##
$

%
&&
'

(
"##
$

%
&&
'

(
!##

$

%
&&
'

( ")
*
!k

k

k
. 

Further comment: 

The sum *
+
,

-
.
/

0 "

!
##
$

%
&&
'

( ")2

1

0

1

n

k
k

kn
 is the n

th
 Fibonacci number for all 01n ,  which  is  shown  in  the  

following Pascal’s Triangle: 

 

1

5

15

35 

70

126 

210

330

792 

1

12

1

2

3

6

1

1

1 1

1 3 1

4 4 1

1 10 10 5 1

1 6 20 6 115

1 7 21 35 7 121

1 8 28 56 56 28 8 1

1 9 36 84 126 84 36 9 1

1 10 45 120 210 252 120 45 10 1

11 55 165 330 462 462 165 55 11 1

1 66 220 495 792 924 495 220 66 12 1

1

2

1

3

5

8

13

21

34

55

89

144

233
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Problems are duplicated and solved by Ming Song (msongmath@yahoo.com) 14 

11. [LOG] Compute the sum ! " ! " ! " ! "10log3log2log1log 2222 #### ! . 

 (The notation ! "x  means the greatest integer less than or equal to x. For example ! " 29.2 $ .The notation a
b

log  

means logarithm base b of a. For example ax
3

log$  satisfies a
x
$3 .) 

Answer: 19 

Solution: 

If 21 %& n , ! " 0log 2 $n . 

If 422 2 $%& n , ! " 1log 2 $n . 

If 824 3 $%& n , ! " 2log 2 $n . 

If 1628 4 $%& n , ! " 3log 2 $n . 

So ! " ! " ! " ! " 193324120110log3log2log1log 2222 $'#'#'#'$#### ! . 

 

 



Twenty-second Annual UNC Math Contest Final Round January 25, 2014

Three hours; no electronic devices. Show your work and justify your answers.
Clearer presentations will earn higher rank. We hope you enjoy thinking about these problems,
but you are not expected to do them all.
You may write answers in terms of the Fibonacci numbers Fn.
The Fibonacci numbers are F1 = 1, F2 = 1, F3 = 2, F4 = 3, F5 = 5, F6 = 8, . . .
They are defined by the equations F1 = F2 = 1 and, for n > 2, Fn = Fn!1 + Fn!2.

1. The Duchess had a child on May 1st every two years until she had five children. This year the
youngest is 1 and the ages of the children are 1, 3, 5, 7, and 9. Alice notices that the sum of the ages
is a perfect square: 1 + 3 + 5 + 7 + 9 = 25. How old will the youngest be the next time the sum of
the ages of the five children is a perfect square, and what is that perfect square?

2. Define the Cheshire Cat function :) by

:)(x) = !x if x is even and

:)(x) = x if x is odd

Find the sum :)(1)+ :)(2)+ :)(3)+ :)(4) + . . . + :)(289)

3. Find x and y if 1
1+ 1

x
= 2 and 1

1+ 1
1+ 1

1+ 1
y

= 2

4. On the first slate, the Queen’s jurors write the number 1. On the second slate they write the
numbers 2 and 3. On the third slate the jurors write 4, 5, and 6, and so on, writing n integers on
the nth slate.
(a) What is the largest number they write on the 20th slate?
(b) What is the sum of the numbers written on the 20th slate?
(c) What is the sum of the numbers written on the nth slate?

!
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!

!

!

!
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5. (a) The White Rabbit has a square garden with sides of length
one meter. He builds a square cucumber frame in the center by
connecting each corner of the garden to the midpoint of a far side
of the garden, going clockwise, as shown in the diagram. What is
the area of the region that is enclosed in the inner square frame?

(b) Suppose that the White Rabbit builds his square cucumber
frame by connecting each corner of the garden to a point a distance
x from the next corner, going clockwise, as shown in the diagram.
Now what is the area of the region that is enclosed in the inner
square frame?

TURN PAGE OVER



6. (a) Alice falls down a rabbit hole and finds herself in a circular room with five doors of five
different sizes evenly spaced around the circumference. Alice tries keys in some or all of the
doors. She must leave no pair of adjacent doors untried. How many different sets of doors left
untried does Alice have to choose from? For example, Alice might try doors 1, 2, and 4 and leave doors 3 and

5 untried. There are no adjacent doors in the set of untried doors. Note: doors 1 and 5 are adjacent.

(b) Suppose the circular room in which Alice finds herself has nine doors of nine different sizes
evenly spaced around the circumference. Again, she is to try keys in some or all of the doors and
must leave no pair of adjacent doors untried. Now how many different sets of doors left untried
does Alice have to choose from?
7. The Caterpillar owns five different matched pairs of socks. He keeps the ten socks jumbled in
random order inside a silk sack. Dressing in the dark, he selects socks, choosing randomly without
replacement. If the two socks he puts on his first pair of feet are a mismatched pair and the two
socks he puts on his second pair of feet are a mismatched pair, then what is the probability that
the pair he selects for his third set of feet is a mismatched pair?

8. In the Queen’s croquet, a game begins with the ball at the bottom
wicket. All players hit the same ball. Each player hits the ball from
the place the previous player has left it. When the ball is hit from
the bottom wicket, it has a 50% chance of going to the top wicket
and a 50% chance of staying at the bottom wicket. When hit from
the top wicket, it has a 50% chance of hitting the goal post and a
50% chance of returning to the bottom wicket.

(a) If Alice makes the first hit and alternates hits with the Queen, what is the probability that Alice
is the first player to hit the goal post with the ball?
(b) Suppose Alice, the King, and the Queen take turns hitting the ball, with Alice playing first.
Now what is the probability that Alice is the first player to hit the goal post with the ball?

9. In the Queen’s croquet, as described in Problem 8, what is the probability that the ball hits the
goal post the nth time the ball is hit?

!

10. The March Hare invites 11 guests to a tea party. He randomly
assigns to each guest either tea or cake, but no guest receives both.
The guests know that the March Hare always does this, but they
never know which guests will receive tea and which will receive
cake. The guests decide to play a game. Each one tries to guess
who of all 11 guests will get cake and who will get tea. If one guest
has more correct guesses than all the others, that guest wins. When

several guests tie for the most correct guesses, then the Dormouse selects one to be the winner by
selecting at random one of the guessers who has tied.
(a) All the guests make their guesses at random, perhaps by tossing a coin. What is the probability
that Tweedledee, the last guest to arrive, is the winner?
(b) Tweedledum is the first guest to arrive. What is the probability that one or the other of Twee-
dledee and Tweedledum is the winner?
(c) Suppose that instead of guessing randomly, Tweedledee always makes the guess opposite to
Tweedledum’s guess. If Tweedledum guesses that a guest will have tea, then Tweedledee will
guess cake. If all the other guests have guessed randomly, what is the probability that one or the
other of Tweedledee and Tweedledum is the winner? Your answer should be an explicit number,
but partial credit may be given for reasonable formulae.

END OF CONTEST
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Three hours; no calculators or phones allowed. Put your answers below but also show your work for 
each problem, in order and clearly numbered, on pages behind your answer sheet.  
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UNC Math Contest Final Round: SOLUTIONS January 25, 2014

You may write answers in terms of the Fibonacci numbers Fn.
The Fibonacci numbers are F1 = 1, F2 = 1, F3 = 2, F4 = 3, F5 = 5, F6 = 8, . . .
They are defined by the equations F1 = F2 = 1 and, for n > 2, Fn = Fn!1 + Fn!2.

1. The Duchess had a child on May 1st every two years until she had five children. This year the
youngest is 1 and the ages of the children are 1, 3, 5, 7, and 9. Alice notices that the sum of the ages
is a perfect square: 1 + 3 + 5 + 7 + 9 = 25. How old will the youngest be the next time the sum of
the ages of the five children is a perfect square, and what is that perfect square?
ANSWER: The youngest will be 16 and the perfect square is 100
SOLUTION: After n years the sum of the ages is
(1 + n) + (3 + n) + (5 + n) + (7 + n) + (9 + n) = 25 + 5n = 5(5 + n). For this to be a perfect
square, n must be a multiple of 5. Write n = 5k. Then 5(5 + n) = 5(5 + 5k) = 25(1 + k). This
will be a square when 1 + k is a square. The choice k = 0 corresponds n = 0, or this year. The
next choice is k = 3. This makes n = 15, so the youngest will be 16 and the sum of the ages will
be 25 + 5n = 25 + 75 = 100. Alternatively, one could also look for squares of the form 25 + 5k by
counting up from 25 by 5s, looking for squares: 25, 30, 35, 40, . . . The next perfect square you come
to is 100.

2. Define the Cheshire Cat function :) by

:)(x) = !x if x is even and

:)(x) = x if x is odd

Find the sum :)(1)+ :)(2)+ :)(3)+ :)(4) + . . . + :)(289)
ANSWER: 145
SOLUTION:1! 2 + 3! 4 + . . . + 287! 288 + 289 = (1! 2) + (3! 4) + . . . (287! 288) + 289 =
(!1) + (!1) + . . . + (!1) + 289
where there are 288/2 of the terms (!1), so the sum is !144 + 289 = 145.

3. Find x and y if 1
1+ 1

x
= 2 and 1

1+ 1
1+ 1

1+ 1
y

= 2

ANSWER: x = !2 and y = !3/4
SOLUTION: 1

1+ 1
x

= 2 so 1 + 1
x = 1/2 and 1

x = 1/2! 1 = !1/2 and x = !2. Similarly for y.

4. On the first slate, the Queen’s jurors write the number 1. On the second slate they write the
numbers 2 and 3. On the third slate the jurors write 4, 5, and 6, and so on, writing n integers on
the nth slate.
(a) What is the largest number they write on the 20th slate?
(b) What is the sum of the numbers written on the 20th slate?
(c) What is the sum of the numbers written on the nth slate?

ANSWERS: (a) 210 (b) 4010 (c) n(n2 + 1)/2
SOLUTIONS: (a) The last number on the nth slate is 1 + 2 + 3 + . . . + n = n(n + 1)/2. If you are
not familiar with this formula, you can add these integers up by writing two copies of the sum,
one in ascending order and one in descending order, like this:
1 + 2 + 3 + . . . n
n + (n! 1) + (n! 2) + . . . + 1



Combine the first terms from each line and get n + 1. Combine the second terms from each line
and get n + 1 and so one. Pair by pair you get n + 1. You find that two copies of the sum will add
up to n copies of n + 1. Therefore, the original sum is n(n + 1)/2. This is called the Gauss trick for
adding an arithmetic sum and it applies in many situations. The last number on the 20th slate is
20(21)/2 = 10(21) = 210. It is also reasonable to write out the numbers explicitly and add them
up for parts (a) and (b).
(b) The last number on the slate before the nth slate is (n ! 1)n/2 and the first number on the
nth slate is (n! 1)n/2 + 1. The numbers on the nth slate are the n numbers (n! 1)n/2 + 1, (n!
1)n/2 + 1, (n! 1)n/2 + 2, . . . (n! 1)n/2 + n. Adding these, we obtain n copies of (n! 1)n/2 plus
the sum of 1, 2, . . . n or
n2(n! 1)/2 + 1 + 2 + . . . + n = n2(n! 1)/2 + n(n + 1)/2
= (n/2)(n2 ! n + n + 1) = (n/2)(n2 + 1).
This is, of course, the answer to (c), but it is a fine way to obtain the answer to (b). Putting n = 20
we get (20/2)(202 + 1) = 10(401) = 4010.
This question is similar to Problem 1 on the First Round, the question about chin-ups.
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5. (a) The White Rabbit has a square garden with sides of length
one meter. He builds a square cucumber frame in the center by
connecting each corner of the garden to the midpoint of a far side
of the garden, going clockwise, as shown in the diagram. What is
the area of the region that is enclosed in the inner square frame?

(b) Suppose that the White Rabbit builds his square cucumber
frame by connecting each corner of the garden to a point a distance
x from the next corner, going clockwise, as shown in the diagram.
Now what is the area of the region that is enclosed in the inner
square frame?

ANSWERS: (a) 1/5 (b) (1!x)2

1+x2

SOLUTIONS:

!

(a) The diagram is full of similar triangles and there are many ways
to use these similar triangles to solve the problem. One can decom-
pose the garden into similar triangles as shown in this diagram and
count that 4 of the 20 triangles lie inside the cucumber frame.



!

Another way to see the answer is to rearrange pieces of the garden
to form four copies of the inner square, one on each side of the cu-
cumber frame. This question is similar to Problem 2 , the question
about the BARN figure, on the First Round.

(b) If x is the reciprocal of an integer, or even just rational, we can again decompose into similar
triangles. For general x we can still use similar triangles to obtain the answer, as follows.
The upper left corner of the big square is a common vertex for three right triangles that are similar
but of different sizes and orientations. First tabulate what can be seen easily from the diagram:

Triangle Size Short Leg Long Leg Hypotenuse
Large x 1

!
1 + x2

Medium • • 1
Small • • x

Next solve for the missing entries (marked •) by multiplying by the appropriate proportionality
factors. From the rightmost column above we see that Medium = 1!

1+x2" Large, and Small
= x!

1+x2" Large. Thus the completed table is

Triangle Size Short Leg Long Leg Hypotenuse
Large x 1

!
1 + x2

Medium x!
1+x2

1!
1+x2 1

Small x2!
1+x2

x!
1+x2 x

Refer to the original cucumber frame diagram to see that the side length of the inner square is the
difference between the lengths of the long legs of the medium and small triangles: 1#x!

1+x2 . Now
square this to obtain the area of the inner square.

6. (a) Alice falls down a rabbit hole and finds herself in a circular room with five doors of five
different sizes evenly spaced around the circumference. Alice tries keys in some or all of the
doors. She must leave no pair of adjacent doors untried. How many different sets of doors left
untried does Alice have to choose from? For example, Alice might try doors 1, 2, and 4 and leave doors 3 and

5 untried. There are no adjacent doors in the set of untried doors. Note: doors 1 and 5 are adjacent.

(b) Suppose the circular room in which Alice finds herself has nine doors of nine different sizes
evenly spaced around the circumference. Again, she is to try keys in some or all of the doors and
must leave no pair of adjacent doors untried. Now how many different sets of doors left untried
does Alice have to choose from?
ANSWERS: (a) 11 (b) 76
SOLUTIONS:
(a) It is practical to list the patterns for five doors and count that there are eleven of them:
TTTTT UTTTT TUTTT TTUTT TTTUT TTTTU UTUTT UTTUT TUTUT TUTTU TTUTU
(b) It is possible to list the 76 patterns for nine doors. One must be careful and systematic. How-
ever, one can instead count the number of patterns for lower numbers of doors and study the
results. Let Cn be the number of patterns with n doors in a circle and no pair of adjacent doors un-
tried. Question 10 from the First Round, about alphabet cookies, was essentially the same as this
question about doors, but with the doors arranged in a line rather than a circle. That is, the first
door and the last door were not counted as adjacent in that problem. Call the number of patterns



for n doors in the straight line case An (for alphabet cookies). By explicitly computing the cases
you can obtain the following table.

n 1 2 3 4 5
Cn 2 3 4 7 11
An 2 3 5 8 13
Fn 1 1 2 3 5

In the solutions to the First Round, we found that An = Fn+2, the n + 2nd Fibonacci number.
From the table, we may also conjecture that Cn = Cn!1 + Cn!2 and that Cn = An!1 + An!3 =
Fn+1 + Fn!1.

Proof: We will prove that C5 = A4 + A2. The same argument works in general.
Case (i). Any of the A2 acceptable linear patterns such as UT can be extended to a linear pattern
of length five by adding the suffix TUT , creating UT TUT . Note that the linear pattern will still
be acceptable when it is converted to a circle. In this case the circular pattern contains the string
TUT . Designate the middle U as the last door in the circle, door 5.

Case (ii) Similarly, any of the A4 acceptable linear patterns such as UTTU can be extended to
length five by adding the suffix T , and this can then be converted into a circular pattern UTTU T
that is still acceptable. In this case the T is taken to be door 5.
Conversely every acceptable circular pattern of length five has its last door either ending in T or
U. If the ending is T we get a pattern described in case (ii). If it ends in U then that U must be
flanked on either side by T, so the pattern contains TUT . Thus we get a pattern described in case
(i).
ANOTHER SOLUTION: We can deduce directly a recursion relation for the Cn. We count patterns
with no pair of adjacent doors untried. Let Cn= the number of such patterns for n doors in a circle,
as before. We look for a way to write the Cn in terms of counts for smaller numbers of doors in
circles, this time.
Case (i) Suppose door n is tried and doors n! 1 and 1 are not both untried. There is a 1-1 corre-
spondence between such patterns and Cn!1 patterns: Given such a Cn pattern, removing door n
from the picture leaves an acceptable Cn!1 pattern. Given any acceptable Cn!1 pattern, adding a
door n, tried, produces an acceptable Cn pattern in which door n is tried and doors n! 1 and 1 are
not both untried.
Case (ii) Suppose either door n is tried and doors n ! 1 and 1 are both untried or else door n is
untried. Note that if door n is untried then both door n ! 1 and door 1 must be tried. There is
a 1-1 correspondence between these patterns and Cn!2 pattern: Given a Cn pattern as described,
removing doors n and n! 1 leaves an acceptable Cn!2 pattern. Given an acceptable Cn!2 pattern,
insert doors n ! 1 and n. If door 1 is tried then door n ! 1 should be tried and door n untried.
If door 1 is untried, then door n ! 1 should be untried and door n tried. This will result in an
acceptable Cn pattern of the type described if n " 4. If n = 3 then the resulting pattern UTU is not
acceptable, because the adjacent doors 1 and 3 remain untried.
We deduce that Cn = Cn!1 + Cn!2, for n " 4.
Find the first few Cn by listing the patterns of untried doors.
C2 = 3: UT TU TT
C3 = 4: UTT TUT TTU TTT
Now we can use recursion to find the next in the sequence:
C4 = 3 + 4 = 7, C5 = 4 + 7 = 11, C6 = 7 + 11 = 18, C7 = 11 + 18 = 29,

C8 = 18 + 29 = 47, C9 = 29 + 47 = 76
The numbers 1, 3, 4, 7, 11, . . . are known as the Lucas numbers.



7. The Caterpillar owns five different matched pairs of socks. He keeps the ten socks jumbled in
random order inside a silk sack. Dressing in the dark, he selects socks, choosing randomly without
replacement. If the two socks he puts on his first pair of feet are a mismatched pair and the two
socks he puts on his second pair of feet are a mismatched pair, then what is the probability that
the pair he selects for his third set of feet is a mismatched pair?
ANSWER: 112/125
SOLUTION: The Caterpillar draws the ten socks in any order with equal probability. Consider the
drawing of the first two pairs of socks.
There are several different acceptable color patterns that can occur when the first four socks are
drawn. The distinct acceptable color patterns are listed below, in order of increasing amounts of
color duplication. In each case, take inventory of what socks still remain in the sack. (Example.
In Case i, all of the first four socks are distinct colors, so four distinct letters are listed, with no
repetitions.)

First Sock Color Second Sock Third Sock Fourth Sock Remaining socks in sack
Case i A B C D {A, B, C, D, E, E}

Case ii.a A B A C {B, C, D, D, E, E}
Case ii.b A B B C {A, C, D, D, E, E}
Case iii.a A B A B {C, C, D, D, E, E}
Case iii.b A B B A {C, C, D, D, E, E}

We count the cases in which neither of those first pairs is a matched set, first classifying them
according to how many matched pairs remain in the sack after the first four socks are drawn: (i)
One matched pair remains. In this case, neither sock in the second pair matches a sock in the first
pair (ii) Two matched pairs remain. In this case, exactly one sock in the second pair matches a sock
in the first pair. (iii) Three matched pairs remain. In this case, both socks in the second pair match
socks in the first pair.
Case (i) Neither sock in the second pair matches a sock in the first pair. There are 10 possibilities
for the first sock and then 8 possibilities for a second sock that does not match the first one. There
are 6 choices for the third sock in which the third sock is different from the first two and then four
possibilities for the remaining sock. This is 10! 8! 6! 4 draws fitting case (i).
Case (ii) Exactly one sock in the second pair matches a sock in the first pair. There are 10 possibil-
ities for the first sock and 8 possibilities for a second sock that does not match the first one. There
are 6 choices for the third sock in which the third sock is different from the first two. In this case,
the fourth sock must be chosen from one of the two that match socks in the first pair. There are
two choices for the third sock in which the third sock matches a sock from the first pair. Then there
are six choices for the fourth sock. In all, 10! 8! (6! 2 + 2! 6) = 10! 8! 24 draws are of the
pattern in case (ii).
Case (iii) Both socks in the second pair match socks in the first pair. There are, as in the other cases,
10 possibilities for the first sock and 8 possibilities for a second sock that does not match the first
one. There are 2 possibilities for the third sock and then just one possibility remains for the fourth
one: 10! 8! 2 draws fit this pattern.
Adding the number of equally likely draws in these three cases we obtain 10! 8! (24 + 24 + 2) =
10! 8! 2! 12 + 12 + 1 = 10! 8! 2! 25.
Therefore, given that the first two pairs are mismatched,
the probability of case (i) is 10!8!6!4

10!8!2!25 = 12
25 .



The probability of case (ii) is 10!8!24
10!8!2!25 = 12

25 .

The probability of case (iii) is 10!8!2
10!8!2!25 = 1

25 .

Now consider the drawing of the third pair of socks.
In case (i) the silk sock sack contains four unmatched socks and one matched pair. The probability
is 4/6 = 2/3 that one of the unmatched socks is next and then any of the remaining 5 are accept-
able for the last one. The probability is 2/6 = 1/3 that one of the matched pair is selected. Then
only 4 of the remaining 5 are acceptable for the last one.
Together this is 2

3 + ( 1
3 !

4
5 ) = 2!5

3!5 + 1!4
3!5 = 10+4

3!5 = 14
3!5 .

In case (ii) the sack contains two unmatched socks and two matched pairs. The probability is
2/6 = 1/3 that one of the unmatched socks is next. Then any of the remaining 5 are acceptable for
the last one. The probability is 4/6 = 2/3 that one of the matched socks is next. Following that, 4
of the remaining 5 are acceptable choices for the last one.
Together, this is 1

3 + ( 2
3 !

4
5 ) = 5

3!5 + 8
3!5 = 13

3!5
In case (iii) the sack contains three matched pairs of socks. One of these matched socks will be the
fourth sock chosen and then any of the 5 remaining except its mate will be acceptable.
This is 4

5 = 12
3!5 .

Combining the above, we obtain
( 12

25 !
14

3!5 ) + ( 12
25 !

13
3!5 ) + ( 1

25 !
12

3!5 ) = (12!14)+(12!13)+12
25!3!5 = 12!(14+13+1)

3!125 = 4!28
125 = 112

125

8. In the Queen’s croquet, a game begins with the ball at the bottom
wicket. All players hit the same ball. Each player hits the ball from
the place the previous player has left it. When the ball is hit from
the bottom wicket, it has a 50% chance of going to the top wicket
and a 50% chance of staying at the bottom wicket. When hit from
the top wicket, it has a 50% chance of hitting the goal post and a
50% chance of returning to the bottom wicket.

(a) If Alice makes the first hit and alternates hits with the Queen, what is the probability that Alice
is the first player to hit the goal post with the ball?
(b) Suppose Alice, the King, and the Queen take turns hitting the ball, with Alice playing first.
Now what is the probability that Alice is the first player to hit the goal post with the ball?
ANSWERS: (a) 2/5 (b) 8/31
SOLUTIONS:
(a) Call the probability that Alice wins A and the probability that the Queen wins Q.
We obtain equations in A and Q as follows: Half the time, after Alice’s first hit, the ball remains
at the bottom wicket and it is as though the game restarts with the roles of Alice and the Queen
reversed. In this case, Alice’s probability is the same as the Queen’s overall probability of winning,
namely, Q. The other half of the time, Alice hits the ball to the top wicket. Half of that time, the
Queen hits the ball to the goal and Alice has no probability of winning. The other half of that
time, the Queen hits the ball back to the bottom wicket and Alice is in the same position she was
at the start. The game restarts with Alice and the Queen in their original roles, so her probability
of winning is again A. That is
A= Q

2 + 0 + ( 1
2 !

1
2 ! A) or 3A

4 = Q
2 .

We get a second equation by considering the Queen’s situation: Half the time, after Alice’s first
hit, the ball remains at the bottom wicket and it is as though the Queen hits first. In this case, the
probability the Queen wins is the same as Alice’s overall probability of winning, namely A. The



other half of the time, the Queen first hits from the top wicket. In this case, the Queen hits the goal
post half the time and half the time she hits the ball back to the bottom wicket and it is as though
a new game starts. That is, Q, the probability that the Queen is first to hit the goal post, is equal to
(1/2)A (Alice has left the ball at the bottom wicket) plus (1/2)! (1/2) (Alice hits the ball to the
top wicket and the Queen hits the goal post with her first hit) plus (1/2)! (1/2)! Q (Alice hits
the ball to the top wicket and the Queen hits the ball back to the bottom wicket- now the Queen
has the same probability of winning as she had at the beginning.). That is, Q = A

2 + 1
4 + Q

4 .
Note that it is tempting to write down immediately that A + Q = 1. However, in order to use that,
one should really show that there is not a nonzero probability of neither player winning! Perhaps
there is a nonzero probability that the game never ends. (No, actually, there is not. But one should
check.) Solve the two simple equations for A. A = 2/5.
(b) As before, call the probability that Alice wins A and the probability that the Queen wins Q.
Call the probability that the King wins K. Reasoning as in (a), we obtain the three equations
A = K

2 + Q
4 ,

Q = A
2 + 1

4 + K
4 , and

K = A
2 + 1

8 + K
8 .

Solve these using your favorite method to arrive at A = 8/31.

9. In the Queen’s croquet, as described in Problem 8, what is the probability that the ball hits the
goal post the nth time the ball is hit?
ANSWER: Zero probability for n = 1 and Fn"1

2n for n # 2, where Fn"1 is the n " 1st Fibonacci
number.
SOLUTION: Let Bn, Tn, and Gn be the probability that the ball is at the bottom wicket, the top
wicket, and the goal post after n hits. Reasoning as in Problem 8, we obtain
Bn = Bn"1

2 + Tn"1
2

Tn = Bn"1
2

Gn = Tn"1
2

Then Bn = Bn"1
2 + Bn"2

4
and Gn = Tn"1

2 = Bn"2
4 = 1

4 ( Bn"3
2 + Bn"4

4 ) = Gn"1
2 + Gn"2

4
The 2s suggest defining Hn = 2nGn. Then
Hn = 2nGn = 2n( Gn"1

2 + Gn"2
4 ) = 2n"1Gn"1 + 2n"2Gn"2 = Hn"1 + Hn"2.

The Hn follow the rule for the Fibonacci numbers. We compute explicitly H1 = 2G1 = 0. H2 =
4G2 = 1. H3 = 8G3 = 1. Thus the H are almost the usual Fibonacci numbers. They are
0, 1, 1, 2, 3, . . . We have Hn = Fn"1. Therefore, Gn, the probability that the ball hits the goal post on
the nth hit, is Gn = Hn

2n = Fn"1
2n , for n # 2.

!

10. The March Hare invites 11 guests to a tea party. He randomly
assigns to each guest either tea or cake, but no guest receives both.
The guests know that the March Hare always does this, but they
never know which guests will receive tea and which will receive
cake. The guests decide to play a game. Each one tries to guess
who of all 11 guests will get cake and who will get tea. If one guest
has more correct guesses than all the others, that guest wins. When

several guests tie for the most correct guesses, then the Dormouse selects one to be the winner by
selecting at random one of the guessers who has tied.



(a) All the guests make their guesses at random, perhaps by tossing a coin. What is the probability
that Tweedledee, the last guest to arrive, is the winner?
(b) Tweedledum is the first guest to arrive. What is the probability that one or the other of Twee-
dledee and Tweedledum is the winner?
(c) Suppose that instead of guessing randomly, Tweedledee always makes the guess opposite to
Tweedledum’s guess. If Tweedledum guesses that a guest will have tea, then Tweedledee will
guess cake. If all the other guests have guessed randomly, what is the probability that one or the
other of Tweedledee and Tweedledum is the winner? Your answer should be an explicit number,
but partial credit may be given for reasonable formulae.

ANSWERS: (a) 1/11 (b) 2/11 (c) 1023/5120 = ( 1
m+1 ) 2m+1!1

2m , where there are m guessers,
not including Tweedledee and Tweedeldum. Here m = 9.

SOLUTION: (a) The 11 guessers are equally likely to win. The probability of any single guesser
winning is 1/11.
(b) Again, the 11 guessers are equally likely to win. As there is just one winner, the probabilities
add: 1/11 of the time one wins and a different, non-overlapping, 1/11 of the time the second
guesser wins. The probability of one or the other of any two players winning is 1/11 + 1/11 =
2/11.
(c) Suppose Tweedledum chooses randomly, Tweedledee always chooses opposite to Tweedle-
dum, and there are m other guessers choosing randomly. In the given problem, m = 9. Each
guesser makes a string of eleven guesses, each guess either correct or incorrect. One or the other
of Tweedledum and Tweedledee will have guessed more than half correctly. We want to determine
the probability that this guess is the winning guess.
A random guesser is choosing among equally likely strings of the form TTCCTTTTCTC. Half the
strings have more correct guesses than incorrect guesses and half have more incorrect guesses
than correct guesses. (The case of an even number of guesses is slightly different, but we have
11 guesses in the problem before us.) Therefore, each random guesser has a probability 1/2 of
selecting a string with more correct than incorrect guesses. The probability that exactly k of the m
guessers choose strings with more correct guesses than incorrect guesses is therefore the same as
the probability of tossing exactly k heads in m tosses of a fair coin.
What is the probability of tossing exactly k heads in m tosses of a fair coin? There are 2m equally
likely outcomes HHTTHT . . .. Of these, (m

k ) = m!
k!(m!k)! are strings with k heads. Thus the proba-

bility is ( 1
2m )(m

k ) = ( 1
2m ) m!

k!(m!k)! .
One or the other of Tweedledee and Tweedledum has chosen one of the strings with more correct
guesses than incorrect guesses. The probability that exactly k of the other guessers have also
chosen strings with more correct guesses than incorrect guesses is ( 1

2m ) m!
k!(m!k)! . Consider this

subgame: Tweedledee and Tweedledum together select one string from among the strings with
more correct than incorrect and k other guessers do the same. If there is a tie for the most correct
guesses, the Dormouse will break the tie randomly, as in the original game. The acceptable strings
are equally likely for each guesser. By symmetry, the guessers all have the same probability of
winning. There are k + 1 guessers and the rules force just one winner, so the probability that
any single guesser is the winner is 1

k+1 . This is the great simplification that makes this problem
tractable. There is no need to look at the possible outcomes in detail. (We discuss below what to
do if one does not see this crucial simplification.)
Therefore, the probability that Tweedledee and Tweedledum’s better guess is the winner is



m

!
k=0

1
k + 1

(
1

2m )
m!

k!(m! k)!
=

1
2m

m

!
k=0

m!
(k + 1)!(m! k)!

= (
1

m + 1
)(

1
2m )

m

!
k=0

(m + 1)!
(k + 1)!(m + 1! (k + 1))!

= (
1

m + 1
)(

1
2m )(

m+1

!
j=0

(m + 1)!
j!(m + 1! j)!

! 1)

= (
1

m + 1
)(

1
2m )(2m+1 ! 1) = (

1
m + 1

)
2m+1 ! 1

2m

For m = 9 this is ( 1
10) 210!1

29 = ( 1
10) 1024!1

512 = 1023
5120

Observe that the number of guesses plays no role in the solution. In this problem the number of
guessers was the same as the number of guesses each guesser made, but the solution is the same
if the number of guesses is any odd number.

Suppose one does not see the simplification of considering the subgame among k guessers who
have guessed more than half correct. One can instead find the probability that the better guess
of Tweedledee and Tweedledum has j correct guesses and no other guesser has more, for each
j = 6, 7, 8, 9, 10, 11. Break down into cases. You will get sums of sums. Do not forget to break the
ties! This route is tedious and hard to complete with no electronic devices and in the time allowed.
However, correct work and formulae involving sums are worth some credit.

This problem was inspired by the article "The Evil Twin Strategy for a football pool" by DeStefano,
Doyle, and Snell, which can be found at
http://www.math.dartmouth.edu/"doyle/docs/twin/twin/twin.html
(The tilde (") immediately preceding the name doyle in this web address may not copy paste
well. You may need to delete that symbol and put it in manually from your keyboard.)

END OF CONTEST


