
Twenty-third Annual UNC Math Contest First Round November, 2014

Rules: 90 minutes; no electronic devices.

The positive integers are 1, 2, 3, 4, . . .

1. A rectangle 20 feet by 100 feet has a fence around its perimeter. There are posts every 5
feet along each of the four sides, arranged so that there is one post at each corner. How many
posts are there in all around the perimeter of the rectangle?

2. The bottom edge of the region at the left is a half
circle whose diameter has length six. The top edge is
made of three smaller, congruent half circles whose di-
ameters lie on the diameter of the bigger half circle.
What is the area inside the region?
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3. The square in the figure has area 36. Points A and B
are midpoints of sides. What is the area of the triangle
ABC?

4. How many pairs of consecutive positive integers have product less than 300? For example,
3x4=12 is less than 300 and 10x11=110 is less than 300. How many such pairs are there? (Count
10x11 and 11x10 as the same pair.)

5. The large circle at left is split into two congruent
regions by two half circles that meet each other at the
center of the large circle and meet the large circle at
points directly above and below the center. There is
a straight line that simultaneously bisects (i.e. cuts in
half) the area of both the regions. What is the slope of
the line?
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6. (a) If two different integers are taken at random from among the integers 1, 2, . . ., 1000,
what is the probability that the sum of the two integers is odd?

(b) If three different integers are taken at random from among the integers 1, 2, . . ., 1000, what
is the probability that the sum of the three integers is odd?

7. Earl E. Bird drives the same route to work each day and leaves at 8 am. He finds that if he
goes 40 miles per hour the whole way he is 3 minutes late. If he goes 60 miles per hour the
whole way, he is 3 minutes early. What speed must he go in order to arrive exactly on time?

8. Suppose p(x) = x2 + 3x− 7 and q(x) = x2 − 2x− 99. If a value of x is chosen at random

from the interval −100 ≤ x ≤ 100, then what is the probability that q(p(x)) is negative?

9. The Fibonacci numbers are 1, 1, 2, 3, 5, 8, . . . (After the first two Fibonacci numbers, each
Fibonacci number is equal to the sum of the two before it.) If F is the 2014th Fibonacci number,
find the remainder when FF is divided by 7.
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10. A code is typed by always jumping from a position
on the keypad to another adjacent position, diagonally,
vertically, or horizontally. The moving finger, having
writ, must move on: it cannot stay frozen in position to
pick a letter twice in a row. The first letter can be any
letter on the keypad. Examples. The code EIE can be
created, but AAB, ACF, and EII cannot. Also, ABC and
CBA are different codes.

(a) How many different three-letter codes can be created?

(b) How many different four-letter codes can be created?
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