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University of Northern Colorado Mathematics Contest 2014-2015 
Problems of First Round with Solutions 

 

1. A rectangle 20 feet by 100 feet has a fence around its perimeter. There are posts every 5 
feet along each of the four sides, arranged so that there is one post at each corner. How 
many posts are there in all around the perimeter of the rectangle? 

Answer: 48 

Solution: 

The perimeter is 

. 

The number of posts is 

. 

 

2. The bottom edge of the region below is a half circle whose diameter has length six. The top 
edge is made of three smaller, congruent half circles whose diameters lie on the diameter of 
the bigger half circle. What is the area inside the region? 

 
Answer:  

Solution: 

The area is 

. 

 

3. The square in the figure has area 36. Points A and B are midpoints of sides. What is the area 
of the triangle ABC? 

 

Answer:  

A 

B 

C 
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Solution: 

The red-shaded part, the green-shaded part and the blue-shaded part have areas equal to , , 

and  of the area of the square respectively. 

 

So triangle ABC’s area is  of the area of the square. 

The answer is . 

 

4. How many pairs of consecutive positive integers have product less than 300? For example, 
 is less than 300 and  is less than 300. How many such pairs are there? 

(Count  and  as the same pair.) 

Answer: 16 

Solution: 

Note that 

 and . 

So there are 16 pairs, 1×2, 2×3, 3×4, …, 16×17. 

 

5. The large circle at left is split into two congruent regions by two half circles that meet each 
other at the center of the large circle and meet the large circle at points directly above and 
below the center. There is a straight line that simultaneously bisects (i.e. cuts in half) the 
area of both the regions. What is the slope of the line? 

 
Answer:  

A 

B 

C 
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Solution: 

If we draw the other two small semicircles, we see the four regions of the same area: 

 
So each of two original regions (green and yellow parts) is equal to two small circles in area. The 
half of one region is equal to one small circle in area. 

Let O be the center. Let A be the lowest point of the large circle. 

 
Draw OA. Draw radius OB cutting the right original region into equal parts in area. Then the 
sector OAB of the large circle must equal half the area of one small circle. Since the large circle 

has an area equal to 4 times the area of one small circle. Therefore, sector OAB must be  of the 

circle. That is, . 

Draw line along OB obviously dividing both original regions into two parts of equal area. 

 
The slope of OB is . 

 

O 

A 

B 

B 

O 

45
º 

A 
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6. (a) If two different integers are taken at random from among the integers 1, 2, , 1000, 
what is the probability that the sum of the two integers is odd? 

 (b) If three different integers are taken at random from among the integers 1, 2, , 1000, 
what is the probability that the sum of the three integers is odd? 

Answer: (a) , (b)  

Solution 1 to (a): 

Take the first number. If it is odd, we need the next to be even for the sum to be odd. If it is even, 
we need the next to be odd for the sum to be odd. 

For whatever it is there are 500 numbers to match it such that the sum is odd. There are 999 

numbers remaining. So the desired probability is . 

Solution 2 to (a): 

There are  ways to choose two numbers. 

For the sum to be odd, one must be odd and the other must be even. There are 500 ways to choose 
an odd number and 500 ways to choose an even number. So there are  ways to choose 
an odd number and an even number. 

The desired probability is 

. 

Solution to (b): 

There are 500 odd numbers and 500 even numbers. An odd number + 1 is en even number, and 
an even number – 1 is an odd number. 

There is a one-to-one correspondence between the odd sums and the even sums. The probability 
is exactly a half for each. 

The answer is . 

Or we can understand it as follows. 

For the sum to be odd, we have two cases. 

Case 1: all numbers are odd. 

Case 2: one is odd, and the other two are even. 

For the sum to be even, we have two cases as well. 

Case 1: all numbers are even. 

Case 2: one is even, and the other two are odd. 

Since there are 500 odd numbers and 500 even numbers, the chances for the sum to be odd and to 
be even are equal. 
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7. Earl E. Bird drives the same route to work each day and leaves at 8 am. He finds that if he 
goes 40 miles per hour the whole way he is 3 minutes late. If he goes 60 miles per hour the 
whole way, he is 3 minutes early. What speed must he go in order to arrive exactly on time? 

Answer: 48 miles per hour. 

Solution 1: 

Let x in miles be the distance one way. The time difference for the two trips is  minutes. So 

. 

We obtain . 

Driving at 60 miles per hour he needs  minutes. To be on time, he should drive for 15 

minutes. So driving speed should be 12/ (15/60) = 48 mph. 

 

Solution 2: 

The time for coming on time is the average of the times needed for the two trips at 40 miles per 
hour and 60 miles per hour respectively. So the speed for coming on time is a kind of average 
speed of these two trips. The answer to this kind of question is not the usual arithmetic mean 
average. In this problem the answer is not the arithmetic mean, 50. It is instead the reciprocal of 
the average of the reciprocals of the two speeds. This is called    the harmonic mean of the speeds. 

Let v be the average speed in miles per hour. 

We have 

. 

We get . This is the answer. 

 

8. Suppose  and . If a value of x is chosen at random 
from the interval , then what is the probability that  is negative? 

Answer:  

Solution: 

Note that . For , we must have . 

Let . 

Then . That is, . We have . 

Let . 

Then . That is, . We have  or . 
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Therefore, for , we must have  or . This can be seen in the 
figure: 

 
The total interval length for  is . 

The length of interval  is . 

Therefore, the desired probability is 

= .04 

 

9. The Fibonacci numbers are 1, 1, 2, 3, 5, 8,  (After the first two Fibonacci numbers, each 
Fibonacci number is equal to the sum of the two before it.) If F is the 2014th Fibonacci 
number, find the remainder when  is divided by 7. 

Answer:  

Solution:  

Let  be the ith Fibonacci number for . 

Let us write the Fibonacci sequence in mod 7: 

1, 1, 2, 3, 5, 1, , 0, , . , . , , 1, 0,       1, 1,  

We see the period of length 16 in mod 7. 

Note that  mod 16. 

So  mod 7. 

Then  is either  or 1 mod 7 depending on being odd or even. 

Look at the Fibonacci numbers again: 

1, 1, 2, 3, 5, 8,  

Every third number is even. That is,  mod 2 if and only if 0 mod 3. 

Note that  mod 3. So  is odd. 

Then  mod 7. The answer is 6. 

0 –1 –2 100 –100 3 –6 

x  
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10. A code is typed by always jumping from a position on the keypad to another adjacent 
position, diagonally, vertically, or horizontally. The moving finger, having writ, must move 
on: it cannot stay frozen in position to pick a letter twice in a row. The first letter can be 
any letter on the keypad. Examples: the code EIE can be created, but AAB, ACF, and EII 
cannot. Also, ABC and CBA are different codes. 

 
 (a) How many different three-letter codes can be created? 

 (b) How many different four-letter codes can be created? 

Answer: (a) 200, (b) 952 

Solution: 

Let  be the number of codes of length n starting from a corner letter (one of A, C, I, and G). 

Let  be the number of codes of length n starting from an edge letter (one of B, F, H, and D). 

Let  be the number of codes of length n starting from the center letter E. 

Let . Then  is the total number of codes of length n. 

We need to find  and . 

From a corner letter, we may go to one of two edge letters or to the center letter. So we have the 
following recursion: 

  (1) 

Similarly, we have 

  (2) 

  (3) 

Obviously, , , and . 

Calculate the recursions with the following table: 

n 1 2 3 4 

 1 3 18 80 

 1 5 24 116 

 1 8 32 168 

 9 40 200 952 

We obtain  and . 

A B C 

D E F 

G H I 
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Although it was not asked for, we will find the general formula for . If you have questions 
about the technique below, please email us or look some things up. These techniques are beyond 
what it is expected participants would know for this contest. 

Plug (1) into (2): 

  (4) 

Plug (4) into (3): 

   

That is, 

  (5) 

Plug (4) and (5) into (1) 

   

That is, 

  (6) 

The characteristic equation of (6) is 

  (7) 

By testing,  is a root. So we can factor  out from the left side of (7): 

. 

We have  or . 

From the second equation we have . 

That is, . So , or . 

We obtain three characteristic values of (7): , , and . 

So  can be expressed as 

  (8) 

With three initial values , , and , we can determine A, B, and C. 

However, I would like to introduce . 

Obviously, . 

Plugging , 1, 2 into (8), we have respectively. 

, 

, 

. 

Solving for A, B, and C we obtain 
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, , and . 

Plugging these into (8) we have 

. 

That is, 

, 

or 

. 

From (4) and (5)  

. 

We get the formula for  in the closed form: 

. 

Do you believe it? 

If not, plug , 2, 3, and 4 and see what you get. 

 

 

The Moving Finger writes and, having writ, 

                                           Moves on: nor all your Piety nor Wit 

                                           Shall lure it back to cancel half a Line, 

                                           Nor all your Tears wash out a Word of it. 

                                          - Omar Khayyam 


