
 
UNIVERSITY OF NORTHERN COLORADO 

 
MATHEMATICS CONTEST 

 
First Round 

For all Colorado Students Grades 7-12 
October 31, 2009 

You have 90 minutes – no calculators allowed  
 

• The average of n numbers is their sum divided by n. 
• A regular hexagon has all six sides with equal length. 
• The positive integers are 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, …                                                                                            

                                                                                                                 

 
 
1. The average of the integers a and b is 22. The average of b and 30 is . What is the average of a 

and c? 
 

 
2. In the 3 x 3 grid of squares shown, three marbles  

are randomly placed in different squares.  
Express the probability that no two marbles 
lie in the same row or column as a fraction . 
 
 

3. The 5th

(a)  What is the 64

 term of the sequence 2, 3, 5, 8, 12, 17, 23, 30, … is 12. 
th

(b)  Which term in the sequence is 3162? 

 term? 

 
 

4. Express the sum  as a fraction . (Hint: Notice, for example, that 

 ). 

 

 
5. Two equilateral triangles overlap to form a star.  

The shaded overlap region is a regular hexagon. 
 If the area of the hexagon is 72 sq. in., what is                                    
 the area of one
 

 of the  original (large) equilateral triangles? 

 
 
 
 

Over 



 

6. Simplify the product: 

 

To be explicit, find integers a, b and c so that your answer is in the form . [Hint: Use 
]. 

 

7. The area of the square is 16. Four identical                    
circles fit tightly inside the square. What is the 
radius of the largest circle that will fit 
inside the central space? 

 

8. Lucille was asked to compute the product  where a, b and c represent three different positive 
integers. Lucky Lucille mistakenly thought that (a four digit number) but her answer 
was correct. What were the integers a, b and c so that  ? {Caution:  is the 
product of the two numbers  and , whereas abca represents a 4 digit number, whose first and 
last digits are the same.} 

 

9. The chart shows the number of students for  
four different majors in the class of 2010 at  
CNU, a local university. 

(a)  What percentage (as a fraction) are either 
  business or music majors? 
(b)  How many math majors would have to switch to music so that there would be a total of 25%    
       music majors? 
(c)  How many more biology majors would have to join these 100 students so that the percentage  
      of biology majors would be 40%? 
 
 
 
 

 
  

  
Math 18 
Biology 25 
Business 42 
Music 15 



Brief Solutions – First Round 

1. 37;  gives  .   gives  . Then 

 
 

2. ; Place the first one anywhere. Then there are four favorable spots out of eight for the 

second marble and then just one spot out of seven for the third. The probability is 

. 

 

3. (a) 2018; The -th term is  . For , . 

(b) ; Solve  to first obtain . Since  and  

are consecutive integers around 80 ending in 4 and 5, 5 and 6 or a zero, trial and error 

shows . 
 

4. ;

  after you notice the collapsing sum. 

 

5. 108; Triangulate the hexagon to form six equilateral triangles, each having area . 

Then the area of one large triangle is . 
 

6. ; Multiply by  and observe the collapsing, or absorbing: 

 

 
 

7. ; The radius of each small circle is 1. Let  be the diameter of the sought after 

center circle. Then , using the Pythagorean theorem, 

and . 
 

8. ; Trial and error. Start with  since  won’t be productive. 

Make a column of powers of 2 and a column of squares and see which product ends in a 

2. You will find that . Since you can only have a 4 digit number, the sizes 

of the powers are limited. 
 

9. (a) 57%, (b) 10, (c) 25; For (a), . For (b), you must have 

 of 100. For (c), solve . 

 

 



 
University of Northern Colorado 

 
MATHEMATICS CONTEST      

FINAL ROUND January 30, 2010 
For Colorado Students Grades 7-12 

 

• The ten digits are 0, 1, 2, 3, 4, 5, 6, 7, 8, 9.  

• The positive integers are 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, … 

• The prime numbers are 2, 3, 5, 7, 11, 13, 17, 19, 23, 29, … 

 
 
 
1. Find a 3-digit integer less than 200 where each digit is odd and the sum of the cubes of the digits is 

the original number. 
 
 
 
2. The rectangle has dimensions 67 by 75. 

The diagonal AB is divided into five                 
segments of equal length. Find the  
total area of the shaded  regions. 
 
 
 

 
3. Suppose r, s, and t are three different positive integers and that their product is 48, i.e., . 

What is the smallest possible value of the sum  ? 
 

 
 

4. Factor   completely.            
 

 
 
 
 

5. (a)  In the 4 by 4 grid shown, four coins are 
       randomly placed in different squares. What is     
       the probability that no two coins lie 
       in the same row or column?  
 
(b)  Generalize this to an n by n grid. 
 
 
 
 
 
                                                             OVER 
 
 
 



 
 
 
 

6. A is a 4-digit number abcd. B is a 5-digit number formed by augmenting A with a 3 on the right, i.e., 
. C is another 5-digit number formed by placing a 2 on the left A, i.e., . If B is 

three times C, what is the number A? 
 
 
 
7. P and Q are each 2-digit prime numbers (like 73 and 19), and all four digits are different. The sum 

is a 2-digit number made up of two more different digits (  is not necessarily prime). 
Further, the difference  consists of yet two more different digits (again,  is not 
necessarily prime). The number R is a two digit prime number which uses the remaining two digits. 
What is R? 

 
 
 
8. Simplify , using exponential notation to 

express your answer. Generalize this result. 
 
 
 
9. (a)  Find integers A, B, and C so that . Express your answers in exponential form. 

(b)  Find integers A, B, C and D so that . 
 
 
 

10. Let  where . What is the maximum number of elements in a subset A of S, 
which has at least three elements, such that  for all a, b, c in A? As an example, the subset 

 of   has the property that the sum of any two elements is strictly bigger 
than the third element, but the subset  does not since  is not greater than 5. Since there 
is no subset of size 4 satisfying these conditions, the answer for  is 3. 

 
 
 
11. (a)  The 3 by 3 square grid has 9 dots equally 

       spaced. How many squares (of all sizes) 
       can you make using four of these dots 
       as vertices? Two examples are shown. 

(b)  How many for a 4 by 4?                                                                                     

(c)  How many for a 5 by 5? 

(d)  How many for an  by (  grid of dots? 
  

 
        
 
 
 
 



Brief Solutions Final Round 
2010 

 
1. 153; Proceed by trial and error, using only 1, 3, 5, 7, and 9 as choices. 

2. 2010; Each of the 10 triangles has the same area since they each have the same base and the same altitude. The 

shaded area is then  . 

3. 12; Since  the factors of 48 are 1, 2, 3, 4, 6, 8, 12, 16, 24 and 48. Trial and error  

shows that  is the smallest sum. 

4. ; Factor by grouping;  

. Alternatively, notice that  is a zero of the 

polynomial. 

5. (a)  ; The first coin can go anywhere, the second in any 9 of the remaining 15 squares, the third is any 4 of the 

remaining 14, and the last one in just 1 of the remaining 13 squares. The probability is  

(b)   where    

 ; or  

6. 8571;  and  Since B is three times C,  and  

yielding . 

7. ; Examination of the 21 two digit prime numbers will show that  ,  

 and finally . 

8. ; Multiply the expression by  and observe the telescoping effect. 

9.  ; The choice of the base 2 is natural since the two terms on the left in  

must combine into one term. Then . Alternatively , let 

. Then  gives  Solving 

 for integer values gives the desired result. Other answers:  

(b)  ; Again, the choice of the base 3 is natural. Or:  

10.  if n is even,  if n is odd. Trial and error will confirm the table of data: 

n 4 5 6 7 8 9 10 11 

 3 3 4 4 5 5 6 6 

Proof is left to reader. 

11.   (a) 6 

  (b) ; There are 9 with size 1 x 1, 4 with 2 x 2, and 1 with 3 x 3. But     

   each 2 x 2  contains a square whose side length is ; each 3 x 3 contains 2 squares with side  

     

  (c)  (Hint: In each 3 x 3 square there are two squares with   

   side ) 

   (d)  


