
Twenty-seventh Annual UNC Math Contest Final Round January 26, 2019

Three hours; no electronic devices. Justify your answers and show your work clearly.

1. A geologist’s pencil costs a whole number of cents. Nine of the pencils cost less than ten
dollars, but ten of the pencils cost more than eleven dollars. How much does one pencil cost?

2. A trapezoid has sides of lengths 15, 28, 15, and 52.

(a) Determine the area of the trapezoid.

(b) Determine the length of a diagonal of the trapezoid.

3. The odometer of a car showed 15951, a palindromic number. The driver said "It will be a long
time before another palindromic number shows up!" But two hours later the next palindromic
number appeared on the odometer. If the car moved at a constant speed, how fast was it traveling
during those two hours? (A palindromic number is a number whose digits read the same left to
right and right to left.)

4. The large square ABCD has area 25. The area of the
larger shaded square is nine times the area of the smaller
shaded square. Find the area of the smaller shaded
square.

5. Darcey drives her scooter two and a half times as fast as Renata runs. Together they cover a
total of 42 miles in one hour. What is the total distance they cover if Darcey drives her scooter
for thirty minutes and Renata runs for an hour and a half?

6. A wheel in the shape of a regular hexagon with side
length one unit is rolled along a flat surface, without slip-
ping, through a full revolution. Rolling means pivoting
it (sixty degrees) about each of its corners consecutively.

(a) The center of the hexagonal wheel will trace a path that is made up of curves. Sketch the path
and find its total length. (Beware: The center does not follow a straight line and the distance it
travels is not simply the distance between its starting point and its final point.)
(b) Sketch the path followed by the corner that begins at the left end of the bottom edge of the
wheel and find the length of that path.
(c) Select a point in or on the hexagon that is not a corner and not the center and sketch the path
it traces. Write a formula that gives the length of the path traced that works for any point in or
on the hexagon. Give your formula in terms of whatever you find convenient.
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7. Find all pairs of whole numbers m and n that satisfy m2 = 57 + n2. (The whole numbers are
the integers 0, 1, 2, 3, ...)

8. (a) The product (1!)(2!)(3!)(4!) is divided by one of the factors of the form n! and the resulting
quotient is the perfect square of an integer. What is n?

(b) Find a value of n between one and one hundred for which (1!)(2!)(3!)(4!) . . . (100!) divided
by n! is the perfect square of an integer.

9. Suppose f (x) = x2 + 12x + 30. Find all real numbers x for which f ( f ( f ( f ( f (x))))) = 0.

10. (a) Thirteen unlit candles are arranged in a row. You may not light any two adjacent can-
dles, but must light exactly four candles. How many such arrangements of four lit candles are
possible?

(b) P unlit candles are arranged in a row. You may not light any two adjacent candles, but must
light exactly Q candles. How many such arrangements of Q lit candles are possible?

11. A fair coin is repeatedly tossed to randomly generate an ordered list of heads and tails of
total length thirteen. A player attempts to produce an ordered list that matches the random list.
(a) If a player guesses randomly, what is the probability the player will match more than half of
the list generated by the coin?

(b) If seventeen players play the game and each player guesses randomly, what is the probability
that exactly k of the players match more than half of the list?

A group of six players each choose a list of length thirteen. If one player gets more matches than
all the others, that player wins a prize. If there is a tie for the most matches, the prize winner is
selected at random from among the players who have tied for the most matches.

(c) If all six players guess randomly, what is the probability that the second player wins the prize?

(d) Suppose that the first four players guess randomly and that the last two cooperate in their
guesses, as follows: They agree that the first of them will select a list randomly and the other
one will choose the complementary list obtained by changing each H on that chosen list to a T
and each T to an H. They agree that if either list wins, they will toss a coin to determine which of
them gets the prize. What is the probability that the last player wins the prize?

(e) Did the cooperating players come out ahead by cooperating? Explain.

END OF CONTEST


