
Random  Walks



What is Random?
● Lack of pattern or predictability

● Pseudorandom RNG’s - not really random 
○ have an initial value - a seed

● Few truly random sequences in real life



Randomness in Statistics
To rigorously define “random”, we introduce:

Random Variables

● These are functions that map “outcomes” to “values”.

● Discrete vs. continuous

● Each has a probability mass function:

 



Seven States of Randomness



More on Randomness: Monte Carlo Methods
● Random sampling

● Approximate numerically problems 
that are deterministic in nature

● Ex: Approximate 



Is it really random?
● Appears random due to 

distribution of digits

● No proof yet - for any 
number, including sqrt(2), 
log(2)

● Property know as normality



Now ... let’s get walking!
● A random walk is an object describing a succession of random steps on some 

mathematical space.

● Ex: Random walk on the real line could be randomly talking steps left or 
right, each with probability 1/2.



Polya’s Constants

Polya proved that for simple 1-D, 2-D random walks, the probability of 
returning to the origin is 1.



How far is a random walk?
Let’s consider a random walk on the integers, starting from zero.

By symmetry, our net displacement will be ... zero???

Let’s look for a more useful result: the mean-squared distance.

Let the distance be d, and the steps a_1, a_2, ..., a_n. The average value of d^2 is:



Strong Markov Property
● The idea is “memorylessness”.

○ In essence, conditional on the present state of the system, its future and past states are 

independent.

● Called a “Markov Chain” if it satisfies this property



The Drunk Man Problem
A drunk man is standing 1 step right from the edge of a cliff.

Every second, he takes 1 step to the left with probability p

or 1 step to the right with probability q=1-p.

What is the probability that he eventually falls off the cliff?





Solution



Solution (cont.)



Another Problem (2018 USA TST)



Solution



Brownian Motion



The Random Walk Hypothesis
In financial theory, some believe that stock market prices evolve according to a 
random walk - basically, they are unpredictable.

The reality is likely that markets are predictable to some degree, rather following 
the adaptive market hypothesis.



Further Applications
Ballot Problem:

In an election where candidate A receives p votes and candidate B receives q 
votes with p > q, what is the probability that A will be strictly ahead of B 
throughout the count? We can use random walks to find that the answer is

Applications in:

Neuron firing, biology, computer science, networking, ecology, physics, etc.

 


